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PREFACE 



In this book for the first time the authors introduce the notion of real 
neutrosophic complex numbers. Further the new notion of finite 
complex modulo integers is defined. For every C(Z n ) the complex 
modulo integer i F is such that ip = n - 1 . Several algebraic structures on 
C(Z n ) are introduced and studied. 

Further the notion of complex neutrosophic modulo integers is 
introduced. Vector spaces and linear algebras are constructed using 
these neutrosophic complex modulo integers. 

This book is organized into 5 chapters. The first chapter introduces 
real neutrosophic complex numbers. Chapter two introduces the notion 
of finite complex numbers; algebraic structures like groups, rings etc are 
defined using them. Matrices and polynomials are constructed using 
these finite complex numbers. 
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Chapter three introduces the notion of neutrosophic complex 
modulo integers. Algebraic structures using neutrosophic complex 
modulo integers are built and around 90 examples are given. Some 
probable applications are suggested in chapter four and chapter five 
suggests around 160 problems some of which are at research level. 

We thank Dr. K.Kandasamy for proof reading and being extremely 
supportive. 



W.B.VASANTHA KANDASAMY 
FLORENTIN SMARANDACHE 
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Chapter One 



Real Neutrosophic Complex 
Numbers 



In this chapter we for the first time we define the notion of 
integer neutrosophic complex numbers, rational neutrosophic 
complex numbers and real neutrosophic complex numbers and 
derive interesting properties related with them. 

Throughout this chapter Z denotes the set of integers, Q the 
rationals and R the reals. 1 denotes the indeterminacy and I 2 = I. 

Further i is the complex number and i 2 = -1 or i = yf— T . Also 
(Z u I) = (a + bl I a, b e Z| = N(Z) and ZI = { al I a e Z}. 
Similarly (Q u I) = {a + bl I a, b e Q} = N(Q) and Q1 = { al I 
a e Q}. (RuI) = {a + blla,beR}= N(R) and RI = {al I a e 
R}. For more about neutrosophy and the neutrosophic or 
indeterminate 1 refer [9-11, 13-4]. 

Let C((Z u I)) = {a + bl + ci + dli I a, b, c, d e Z} denote 
the integer complex neutrosophic numbers or integer 
neutrosophic complex numbers. If in C (Z u I) = a = c = d = 0 
then we get pure neutrosophic numbers ZI = { al I a e Z } . If c = 
d = 0 we get the neutrosophic integers {a + bl I a, b e Z} = 
N(Z). If b = d = 0 then we get {a + ci} the collection of 
complex integers J. Likewise P = {dli I d e Z} give the 
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collection of pure neutrosophic complex integers. However dl 
that is pure neutrosophic collection ZI is a subset of P. Some of 
the subcollection will have a nice algebraic structure. Thus 
neutrosophic complex integer is a 4-tuple {a +bl + ci + dli I a, b, 
c, de Z). We give operations on them. Let x = a + bl + ci + dli 
and y = m + nl + si + tli be in C((Z u I)). Now x + y = (a + bl + 
ci + dli) + (m + nl + si + tli) = (a + m) + (b + n)I + (c + s)i + 
(d+t)Ii. 

(We can denote dli by idl or ild or lid or dil) we see x + y is 
again in C((Z u I)). We see 0? = 0 + 01 + Oi + Oli acts as the 
additive identity. 

Thus 0? + x = x + 0[ = x for every x e C((Z u I)). 

In view of this we have the following theorem. 

THEOREM 1.1: C( (Z ul)) = {a + bl+ ci + idl I a, b, c, d e Zj 
is integer complex neutrosophic group under addition. 

Proof is direct and hence left as an exercise to the reader. 

Let x = a + bl + ci + idl and y = m + nl + ti + isl be in C((Z 
ul)). To find the product xy = (a + bl + ci + idl) (m + nl + ti 
+ isl) = am + mbl + mci + imdl + anl + bnl + ncil + indl + ati + 
ibtl + cti 2 + i 2 tdl + iasl + ibis + i 2 csl + i 2 dsl (using the fact l 2 = 1 
and i 2 = -1). 

= am + mbl + mci + imdl + anl + bnl + incl + indl + iat + 
ibtl - ct - tdl + iasl + ibis - csl - dsl 

= (am - ct) + (mb + an + bn - td - cs - ds)I + i (me + at) + 
i(md + nc + nd + bt + as + bs)I. 

Clearly xy e C «Z u I)). 

Now 1? = 1 + 01 + Oi + iOl acts as the multiplicative 
identity. For x 1? = lj x = x for every x e C ((Z u I)). Thus C 
«Z u I)) is a monoid under multiplication. No element in C ((Z 
u I)) has inverse with respect to multiplication. 

Hence without loss of generality we can denote 1? by 1 and 
0[ by 0. 




THEOREM 1 . 2 : C((Z u I)) is a integer complex neutrosophic 
monoid or integer neutrosophic complex monoid commutative 
monoid under multiplication. 

Proof is simple and hence left as an exercise to the reader. 

Also it is easily verified that for x, y, z e C ((Z u I)) 
x.(y+z) = x.y+x.z and (x+y)z = x.z + y.z. Thus product 
distributes over the addition. 

In view of theorems 1.2 and 1.1 we have the following 
theorem. 

THEOREM 1 . 3 : Let S = (C((Z ul)), +, x); = {a + bl + ci + idl 
where a, b, c, d e Zj; under addition + and multiplication xis a 
integer neutrosophic complex commutative ring with unit of 
infinite order. 

Thus S = (C ((Z u I)), +, x) is a ring. S has subrings and ideals. 
Further C ((Z u I)) has subrings which are not ideals. This is 
evident from the following theorem the proof of which is left to 
the reader. 

THEOREM 1 . 4 : Let C ((Z u I)) be the integer complex 

neutrosophic ring. 

i) nZI uC((Z ul)) is a integer neutrosophic subring of C( (Z 
Ul)) and is not an ideal of C( (Z Ul)) (n = 1, 2, ...) 

ii) nZ c C {(Z ul)) is an integer subring of C ({Z ul)) which 
is not an ideal of C ((Z ul)), (n = 1, 2, ...) 

Hi) Let C (Z) = {a + ib I a, b e Zj c C((Z ul)), C(Z) is again a 
complex integer subring which is not an ideal ofC( (Z ul)). 
iv) Let S = {a + bl + ic + idl I a, b, c, cl e nZ; 2 < n < °°j uC 
((Z ul)). 

S is a integer complex neutrosophic subring and S is also an 
ideal of C ({Z ul)). 

The proof of all these results is simple and hence is left as an 
exercise to the reader. 

We can define ideals and also quotient rings as in case of 
integers Z. 
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Consider J = {a + bi + cl + idl I a, b, c, d e 2Z} c C «Z u 
I» be the ideal of C «Z u I». 

C((Zul\) 

Consider — — - — — = {J, 1 + J, r + J, rl +J, I + J, 1 + i + J, 

1+I+J, 1+iI+J, 1+i+I+J, 1+i+iI+J, 1+I+iI+J, i+I+il+J, 

1+i+I+iI+J, i+I+J, i+il+J, I+il+J}. Clearly order of P = 

C( < ZUl » i, 2 4 . 

J 

We see P is not an integral domain P has zero divisors. 
Likewise if we consider S = {a+bi+cl+idl I a, b, c, d, e nZ} c 
C «Z u I» S is an ideal of C «Z u I». 

C(/Zul\) 

Clearly — — is again not an integral domain and the 



number of elements in 



C((Zul}) . 

in 1 L i 



is n 



We can define different types of integer neutrosophic 
complex rings using C((Z u I)). 



DEFINITION 1.1: Let C ((Z u I)) be the integer complex 
neutrosophic ring. Consider S = j(x h ..., x n ) I x, e C ( (Z ul)); 
1 <i <nj; S is again a integer complex neutrosophic 1 Xn row 
matrix ring. The operation in S is taken component wise and we 
get a ring. This ring is not an integral domains has zero 
divisors. 



We will give some examples of them. 

Example 1.1: Let S = { (xi, x 2 , x 3 ) I x t = a t + b,i + c t I + id t I I a t , 
b t , c t , d t e Z; 1 < t < 3} be the integer neutrosophic complex 
ring. S has zero divisors, subrings and ideals. 

Example 1.2: Let V = {(xi, x 2 ,..., x 12 ) I x t = a t + ib t + c t I + id t l 
where a t , b t , c t , d t e Z; 1 < t < 12} be the integer neutrosophic 
complex 1 x 12 matrix ring. V has zero divisors, no units, no 
idempotents, subrings and ideals. V is of infinite order. 
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DEFINITION 1.2: Let S = {(ay) I ay e C ((Z ul)); 1 <i, j <nj 
be a collection of n x n complex neutrosophic integer matrices. 
S is a ring of n x n integer complex neutrosophic ring of infinite 
order and is non commutative. S has zero divisors, units, 
idempotents, subrings and ideals. 



We give examples of them. 



Example 1.3: Let 



M = 



a. a 9 



V a 3 a 4 J 



a, e C((Zul));l <i < 4 



be a 2 x 2 complex neutrosophic integer ring. M has subrings 
which are not ideals. 

For we see 



N = 



V a 2 



0 " 

°y 



a^b, e C((Zul)) 



cM 



is a integer complex neutrosophic subring of M which is only a 
left ideal of M. Clearly N is not a right ideal for 



'x 0^ 




^a tC 




' xa xb N 


vY 0) 




v c d) 




v y c y d y 



However 



^a tC 




(C 




^ax + by 


v c d) 




vY 0; 




v cx + dy 0 y 



is in N. Hence N is a left ideal and not a right ideal. 
Consider 

x,ye C((Zul))| cM 
is a subring but is only a right ideal as 



(x y l 




tC 




f xa + yc 


xb + yd A 


o. 


'v C 


d y 




v 0 


0 y 



T = 



^x y^ 

0 0 
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but 



"a b" 


|"x 






"ax 


ay^ 


v C d y 




0; 




v cx 


dyj 



is not in T hence is only a right ideal of M. 



Example 1.3: Let 





"a. 


a 2 


a 3 


a 4 " 






a 5 


a 6 


a 7 


a s 


a, e C((Zul));l <i < 16 




a 9 


a io 


a il 


a i2 




V a i3 


a i4 


a i5 


a i6 y 





be a integer complex neutrosophic ring of 4 x 4 matrices. 
M is not commutative. M has zero divisors. 

"1 0 0 0 " 

0 1 0 0 

Lx4 — 

0 0 10 

v 0 0 0 1 , 

in M is such that I 4x4 is the multiplicative identity in M. 



Consider 
7 b, 
0 
0 
0 



p = 



0 

0 



b 8 

0 



10 J 



bj g C((Zul));l <i <10 



cM 



is an integer complex neutrosophic subring which is not a left 
ideal or right ideal of M. 



Consider 





' a i 


0 


0 


0 " 






a. 


a 3 


0 


0 


a t e C((Zul));l<i <10 




Z 


J 




0 




a 4 


a 5 


a 6 




V a 7 a 8 


a 9 


a i0 y 





cM 
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is an integer complex neutrosophic subring only and not a left 
ideal or a right ideal of M. 

Now we can proceed onto define polynomial integer complex 
neutrosophic ring. 



Definition 1.4: Let 



V = 





be the collection of all polynomials in the variable x with 
coefficients from the integer complex neutrosophic integral ring 
C ( (Z U I)) with the following type of addition and 
multiplication. 

If p (x) = ao + ajx + ... + a n x" and q(x) = b 0 + b/X + ... + 
b n x" where a„ b, e C ( (Z ul)); 1 <i <n; are in V then 
p (x) + q (x)= (ao + ajx + ... + a n x n ) + (b 0 + bjX + ... + b„ x") 

— (ao + bo) + ( aj + bj)x + ... 4 - (a n + b n )x et V. 

The 0 = 0 + Ox + ... + Ox" is the zero integer complex 
neutrosophic polynomial in V. 

Now 

p(x) . q(x) - ao bo + (ao bj + aj bo) x + ... + a n b n x 2n 
is in C ((Z ul)). 1 = 1+ Ox + ... + Ox" in V is such that p (x) . 1 
— 1 . p (x) — p (x). 

(V, +, .) is defined as the integer complex neutrosophic 
polynomial ring. 



We just enumerate some of the properties enjoyed by V. 

(i) V is a commutative ring with unit. 

(ii) V is an infinite ring. 

We can define irreducible polynomials in V as in case of usual 
polynomials. 

p (x) = x 2 - 2 e V we see p (x) is irreducible in V. 
q (x) - x 3 - 3 e V is also irreducible in V. 
q (x) = x 12 - 5 is also irreducible in V. 
p (x) = x 2 + 4 is irreducible in V. 
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Thus in V we can define reducibility and irreducibility in 
polynomials in V. 



Let p(x) e V if p(x) = (x - ai) . . . (x - a t ) where a ; e C((Z u 
I)); 1 < i < t then p(x) is reducible linearly in a unique manner 
except for the order in which a,’s occur. 



It is infact not an easy task to define relatively prime or 
greatest common divisor of two polynomials with coefficients 
from C ((Z u I)). For it is still difficult to define g c d of two 
elements in C «Z u I)). 

For if a = 5 + 31 and b = (7 + 51) we can say g c d (a, b) = 1, 
if a = 3 + i - 41 and b = 4i - 21 then also g c d (a, b) =1 . 

If a = 3 + 3i + 61 + 9il and b = 121 + 18i + 24 then g c d (a, 
b) = 3 and so on. 

So it is by looking or working with a, b in C ((Z u I)) we 
can find g c d. 

Now having seen the problem we can not put any order on 
C ((Z u I)). For consider i and I we cannot order them for i is 
the complex number and 1 is an indeterminate so no relation can 
be obtained between them. Likewise 1 + i and 1 and so on. 

Concept of reducibility and irreducibility is an easy task but 
other concepts to be obtained in case of neutrosophic complex 
integer polynomials is a difficult task. 

Thus 



C«Z u I»[x] = 





is a commutative integral domain. Let p(x) and q(x) e C((Z u 
I»[x], we can define degree of p (x) as the highest power of x 
in p(x) with non zero coefficients from C«Z u I)). 

So if deg(p(x)) = n and deg q(x) = m and if n < m then we 
can divide q(x) by p(x) and find 

=r(x) + ^it 

P(X) P(x) 

where deg s(x) < n. 
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This division also is carried out as in case of usual 
polynomials but due to the presence of four tuples the division 
process is not simple. 

Z[x] c C ((Z u I)) [x] = S. Thus Z [x] is only a subring and 
Z[x] is an integral domain in C ((Z u I)) [x] = S. Likewise ZI[x] 
c C «Z u I)) [x] is again an integral domain which is a subring. 

Consider P = {a + bl I a, b e Z} c C«Z u I)) [x], P is again 
a subring which is not an ideal of C((Z u I)) [x]. 

Also C (Z) = { a + ib I a, b e Z } is again a subring of C«Z u 
I»W. 

Further 

C(Z)[x] = jfja.x 1 a, e C(Z)| cC«Zu I» [x] 

is only a subring of C «Z u I)) [x] which is not an ideal. 
Likewise 

C(ZI)[x] = | ^a t x‘ a, e C(ZI) ; a; = a + ib a, b e ZI } cS 
[i=0 

is only a subring of S and is also an ideal of S. 



Several such properties enjoyed by C «Z u I)) [x] can be 
derived without any difficulty. 

We can also define the notion of prime ideal as in case of 
C«ZuI» [x]. 

Now we can also define semigroups using C ((Z u I)). 
Consider 

a i a 2 

■ : : la;G C«ZuI»; 1 < i < n} = H; 

_ a n-l a n. 

H is a group under addition but multiplication cannot be defined 
on H. So FI is not a ring but only a semigroup. Thus any 
collection of m x n matrices with entries from C ((Z u I)) (m # 
n) is only an abelian group under addition and is not a ring as 
multiplication cannot be defined on that collection. 
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We can replace Z by Q then we get C((Z u I)) to be rational 
complex neutrosophic numbers. Also C((Z u I)) c C((Q u I)). 

C((Q u I)) = {a + bi + cl + idl I a, b, c, d e Q} is a ring. 
Infact C «Q u I)) has no zero divisors. 

For if we take 

x = 6 + 2i - 31 + 4il 

and 

y = a + bi + cl + dil 

in C «Q u I». 

xy = (6 + 2i - 31 + 4il) (a + bi + cl + dil) 

= 6a + 2ai - 3al + 4ail 
6bi - 2b - 3bil - 4bl 
6cl + 2cil - 3cl + 4 cil 
6dil - 2dl - 3dil - 4dl 

= (6a - 2b) + 1 (2a + 6b) + (- 3a - 4b + 6c - 3c - 2d - 

4d)I + (4a - 3b + 2c + 4c + 6d - 3d) 

= 0 

6a = 2b 2a + 6b = 0 

b = 3a a = -3b this is possible only when a = b = 0 
3c - 6d = 0 c = 2d 
6c + 3d = 0 d = -2c 
So c = d = 0. 



Thus a = b = c = d = 0. But in general C((Q u I)) is not a field. 

This field contains subfields l ik e Q, S = { a + ib I a. b e Q } 
C ((Q u I)) contains also subrings. 

We can build algebraic structures using C ((Q u I)). We call C 
((Qu I)) as the rational complex neutrosophic like field. C «Q 
u I)) is of characteristic zero C ((Q u I)) is not a prime like 
field for it has subfields of characteristic zero. 

C ((Q u I»[x] is defined as the neutrosophic complex 
rational polynomial; 



C«Q u I» [x] = 




a,e 




C ((Q u I)) is not a field, it is only an integral domain we can 
derive the polynomial properties related with rational complex 
neutrosophic polynomials in C ((Q u I)) [x]. 



16 




C((Q u I)) [x] can have ideals. Now consider T = {(xi, x 2 , 
. x n ) I X; e C ((Q u I)); 1 < i < n}; T is a rational complex 
neutrosophic 1 x n matrix. T is only a ring for T contains zero 
divisors but T has no idempotents;T has ideals for take P = {(xi, 
x 2 , x 3 , 0, .... 0)1 X; e C ((Q u I)); 1 < i < 3} c T is a subring as 
well as an ideal of T. 

T has several ideals, T also has subrings which are not 
ideals. For take S = { (xi, x 2 , x 3 , ..., x n ) I x; e C ((Z u I)); 1 < i 
< n} c T; S is a subring of T and is not an ideal of T. We can 
have several subrings of T which are not ideals of T. 

Now we can define M = {A = (a^) I A is a n x n rational 
complex neutrosophic matrix with a,, e C ((Q u I)); 1 < i, j < n} 
to be the n x n rational complex neutrosophic matrix ring. M 
also has zero divisors, units, ideals, and subrings. For consider 
N = {collection of all upper triangular n x n matrices with 
elements from C«QuI))) cM;N is a subring of M and N is 
not an ideal of M. We have T = {all diagonal n x n matrices 
with entries from C ((Q ul))j c M; T is an ideal of M. 

All usual properties can be derived with appropriate 
modifications. Now if we replace Q by R we get C ((R u I)) to 
be the real complex neutrosophic ring. C «R u I)) is not a field 
called the like field of real complex neutrosophic numbers. 
C ((R u I)) is not a prime field. It has subfields and subrings 
which are not subfields. 

All properties enjoyed by C((Q u I)) can also be derived for 
C«R u I». We see C «R u I» 3 C«Qu I» dC((Zu I». 

We construct polynomial ring with real complex 
neutrosophic coefficients and 1 x n matrix ring with real 
complex neutrosophic matrices. Likewise the n x n real 
complex neutrosophic matrix ring can also be constructed. The 
latter two will have zero divisors and units where as the first 
ring has no zero divisors it is an integral domain. 
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Now we have seen real complex neutrosophic like field, C 
«R u I». 

We proceed onto define vector spaces, set vector spaces, 
group vector spaces of complex neutrosophic numbers. 

DEFINITION 1.4: Let V be a additive abelian group of complex 
neutrosophic numbers. Q be the field. IfV is vector space over 
Q then define V to be a ordinary complex neutrosophic vector 
space over the field Q. 

We will give examples of them. 



Example 1.5: Let 

cli ci-7 



V = 






h e C((Q u l));l < i < 10 



be an ordinary complex neutrosophic vector space over Q. 



Example 1.6: Let 

, , 3\ din, 

M = 



b G C((Q u I)); 1 < i < 4 



be the ordinary complex neutrosophic vector space over Q. 



Example 1. 7: Let 



P = 



3., 3n. 



V a 4 a 5 a 6 J 



h e C((Q u I)); 1 < i < 6 



be the ordinary complex neutrosophic vector space over Q. 



We can as in case of usual vector spaces define subspaces 
and basis of P over Q. 
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However it is pertinent to mention here that we can have 
other types of vector spaces defined depending on the field we 
choose. 

DEFINITION 1.5: Let V be the complex neutrosophic additive 
abelian group. Take F = {a + bi I a, b e Q; i 2 = -lj; ifV is a 
vector space over the complex field F; then we call V to be 
complex - complex neutrosophic vector space. 

We will give examples of them. 

Example 1.8: Let 

a, e C((Qul));l<i <s| 



I a : a 2 a 3 a 4 

|_ a 5 a 6 a 7 a 8 



be a complex - complex neutrosophic vector space over the field 
F = {a + b; I a, b e Q}. 

Take 



W = 




a 2 a 3 
0 0 



a t e C((Qul));l <i <4 



is a complex - complex neutrosophic vector subspace of V over 
F. Infact V has several such subspaces. 

Take 



W 1 = 



aj 0 

0 a. 



0 

0 



a, e C((Qul));l <i <3 1 c V, 



a complex - complex neutrosophic vector subspace of V over 
the rational complex field F. 

Suppose 



Jr o o o 
[Ui 0 a 2 



0 " 

0. 



a,,a 2 g C((Q ui)) cV 



is a complex - complex neutrosophic vector subspace of V over 
F. 
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Consider 



0 aj a 2 0 'l . . 1 

0 0 0 a Ja„a 2 ,a se C<(Qul))|cV; 

W 3 is a complex - complex neutrosophic vector subspace of V 
over F. 

Clearly 

V = W!uW 2 uW 3 

= W i + w 2 + w 3 . 

Thus V is a direct sum of subspaces. 

Example 1.9: Let 

a i a 2 a 3 a 4 
a 5 a 6 a 7 a 8 

V=< a 9 a 10 a u a 12 a, e C((Q ul));l <i < 20 

a i3 a i4 a i5 a i6 
L a i7 a i8 a i9 a 2oJ 

be a complex - complex neutrosophic vector space over the 
complex field F={a + bila, beQ}. V has subspaces and V 
can be written as a direct sum / union of subspaces of V over F. 

Now we can define complex neutrosophic - neutrosophic 
like vector space or neutrosophic - neutrosophic vector space 
over the neutrosophic like field (Q u I) or <R u I). 

DEFINITION 1.6: Let V be an additive abelian group of 

complex neutrosophic numbers. Let F = (Q u 1) be the 
neutrosophic like field of rationals. If V is a like vector space 
over F then we define V to be a neutrosophic - neutrosophic 
complex like vector space over the field F (complex 
neutrosophic - neutrosophic vector space over the field F or 
neutrosophic complex neutrosophic vector space over the field 
F). 

We will give examples of this situation. 
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Example 1.10: Let 



a i a 2 

a 3 a 4 

a 5 a 6 



be a neutrosophic complex neutrosophic l ik e vector space over 
the neutrosophic like field F = (Q u I). 

Example 1.11: Let 

a i a 2 a 3 a 4 

Ct<r dif- ti-y So , y. 

M = < 5 6 7 8 a, e C((Q ul));l <i <16 

a 9 a i0 a il a i2 

_ a i3 a i4 a i5 a i6 _ 

be a neutrosophic - neutrosophic complex like vector space over 
the neutrosophic like field (Q u I) = F. 

Take 

aj a 2 0 0 

a, a, 0 0 . , 

Pi=^ a e C((Q ul));l <i < 4> c V, 

0 0 0 0 ' 7 

0 0 0 0 





0 0 aj 

0 0 a, 
P 2 = 

0 0 0 
[o 0 0 



a 2 

* 4 a,eC((Qul));l<i<4 cV, 

0 
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p 3 = 



and 



P 4 = 



0 0 0 0 
0 0 0 0 



3 , 3 0 



3 a 3c 



0 0 
0 0 



0 0 0 
0 0 0 
0 0 aj 

0 0 a, 



i; G C((Qul));l <i <4 



c V 



a, e C((Q ul));l <i < 4 



c V 



be subspace of V. 

Clearly V = Pi + P 2 + P3 + P 4 and P; n Pj = ( 0 ) if i ^ j, so V 
is a direct sum of subspaces of V over F = (Qu I). 

Consider 



V,= 



a i 

0 

0 

0 



0 

0 

a. 



0 

0 

a. 



0 a. 



a,eC((Qul));l<i<6 



cV, 



V,= 



0 

0 



a 3 
0 
0 
0 



0 

0 

0 



a, g C((Qul));l <i <6 



cV, 



V3 = 



0 

a. 



0 

a 2 

0 

0 



0 

a 3 

0 

0 



0 

a 4 

0 

0 



a,eC((Qul));l<i<6 



cV, 
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aj 0 0 0 

0 0 a, 0 

V 4 = \ a t e C((Q ul));l <i <7 > cV, 

a 3 a 4 a 5 a 6 

0 0 0 a 7 

and 

aj 0 0 a 2 

0 0 a, 0 

V ’Ho 0 0 a. a i e c ({Q u I»'l - i - 7 1 =v 

j_ a 5 a 6 a 7 0 J 

is such that V = Vi u V 2 u V 3 u V 4 u V 5 but V, n Vj (0) if 
i F j so V is only a pseudo direct sum of the subspaces of V over 
F. Now we have defined neutrosophic complex - neutrosophic 
like vector spaces over the neutrosophic l ik e field. 

We now proceed onto define special complex neutrosophic l ik e 
vector space over the complex neutrosophic l ik e field. 

DEFINITION 1.7: Let V be an abelian group under addition of 
complex neutrosophic numbers. Let F = C ((Q U I)) be the 
complex - neutrosophic like field of rationals; if V is a vector 
space over F then we define V to be a special complex 
neutrosophic like vector space over the complex neutrosophic 
rational like field F = C ((Q U I)). 

We will give examples of them. 

Example 1.12: Let 




where a; e C((Q u I)); 1 < i < 15} be the special complex 
neutrosophic like vector space over the complex neutrosophic 
like field of rationals C((Q u I)) = F. 
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It is easily verified V has subspaces. The dimension of V over 
F is 15. 

For take 




is B is a basis of V over F. 

Example 1.13: Let 

3_i &2 ^3 ^4 

V = < a 5 a 6 a 7 a 8 a, e C((Qul));l<i <12 > 

_ a 9 a io a n a i2 _ 

be a special complex neutrosophic like vector space over the 
field F = C «Q u I». 

Now we can define l ik e subfield subspace of a vector space. 

DEFINITION 1.8: Let V be an additive abelian group of 

complex neutrosophic numbers. V be a special complex 
neutrosophic vector space over the complex neutrosophic like 
field 

F = C ((Q u I)) - {a + bi + cl + idl I a, b, c, d e Qj. 

Let W cr V, W also a proper subgroup of V and K cr F. K 
the neutrosophic like field (Q u I) c: C ((Q u I)) — F. 

If W is a vector space over K then we define W to be a 
neutrosophic subfield complex neutrosophic vector subspace of 
V over the neutrosophic like subfield K of F. 

We will give examples of this situation. 
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Example 1.14: Let 

a< a 1 



V = 



a, 



a s 

a 8 

a,, 



a 9 

a,- 



C((Qul));l<i<15 



be a special complex neutrosophic vector space over the 
complex neutrosophic like field F = C ((Q u I)). 

Nothing is lost if we say neutrosophic field also for we have 
defined so but an indeterminate or neutrosophic field need not 
have a real field structure like a neutrosophic group is not a 
group yet we call it a group. 

Take 



W = 



a i 
0 
0 
0 
a „ 



a 2 

0 

0 

0 

a. 



a 3 

0 

0 

0 

a. 



a, G C((Qul));l<i <6 



cV; 



take K = (Q u I) c F = C «Q u I)); W is a neutrosophic 
special complex neutrosophic vector subspace of V over the 
neutrosophic like subfield (Qu I) of F = C ((Q u I)). 

Consider 



M =< 



a i 

0 

0 

a. 



0 

a 2 

0 

0 

a. 



0 

0 

a 3 

0 

0 



a, e C((Qul));l<i <5 



c V 



take K = {a + ib I a, b e Q} c F = C ((Q u I)) a complex 
subfield of C ((Q u I)). W is a special complex neutrosophic 
complex subvector space of V over the rational complex 
subfield K of F. 
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Suppose 





a l 


0 


a 2 








0 


a 3 


0 






s= < 


a 4 


0 


a 5 




a, e C((Q u l));l < i < 8 




0 


a 6 


0 








_a 7 


0 


a 8_ 







Take QcC ((Q u I)) = F the field of rationals as a subfield of 
F. S is a ordinary special neutrosophic complex vector subspace 
of V over the rational subfield Q of F = C «Q u I)). 

All properties can be derived for vector space over C ((Q u I)). 

It is interesting to see that only these special neutrosophic 
complex vector spaces has many properties which in general is 
not true over the usual field Q. 

THEOREM 1.5: Let V be a special neutrosophic complex vector- 
space over C ((Q U I)). V has only 2 subfields over which vector 
subspaces can be defined. 

When we say this it is evident from the example 1.14, hence left 
as an exercise to the reader. 

THEOREM 1.6: Let V be an ordinary neutrosophic complex 
vector space over the field Q. V has no subfield vector subspace. 

Proof easily follows from the fact Q is a prime field. 

THEOREM 1.7: Let V be a neutrosophic complex neutrosophic 
vector space over the neutrosophic field (Q u I) = F. V has 
only one subfield over which vector subspaces can be defined. 

THEOREM 1.8: Let V be a complex neutrosophic complex 
vector space over the rational complex field F - {a + ib I a, b e 
Qj. V has only one subfield over which subvector spaces can be 
defined. 
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Proof follows from the fact QcF. 

We see 

Qc(QuI)cC((Qu I», 

QcC (Q) = {a + ib I a, b e Q} c C «Q u I». 

These spaces behave in a very different way which is 
evident from the following example. 

Example 1.15: Let 





3-2 


a 3 






V = < 


a 4 a 5 


a 6 




a iG C«QuI»;l<i<9 




a 7 a 8 


V 







be a special complex neutrosophic vector space over the 
complex neutrosophic like field F = C ((Q u I)). 

It is easily verified V is of dimension 9 over F = C ((Q u 
I)). However V has special complex neutrosophic subspaces of 
dimensions 1, 2, 3, 4, 5, 6, 7 and 8. 

Now consider 





&1 3^2 


0 " 






W =< 


0 a 4 


0 




a, e C«QuI»;l <i < 4 




i — 

o 

o 


a 4_ 







W is a special subfield neutrosophic complex neutrosophic 
vector subspace of V over the neutrosophic subfield (Q u I) of 
F. Clearly dimension of W over (Q u I) is not finite. Suppose 
W is considered as a special neutrosophic complex vector 
subspace of V over F = C ((Q u I)) then dimension of W over 
F is four. 

W as a special complex neutrosophic complex vector 
subspace over the rational complex field K = { a + ib I a, be Q} 
c C «Q u I)) which is also of infinite dimension over K. W as 
a special neutrosophic complex ordinary vector subspace over 
the rational field Q is also of infinite dimension over the rational 
subfield Q of F. 
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Consider 



a { 0 a 2 

T=< 0 a 3 0 a t e Q;1 <i <5 > c V. 

L a 4 0 a sJ 

T is a special neutrosophic complex ordinary vector subspace of 
V over Q dimension 5. 

Clearly T is not defined over the subfield, (Q u I) of C(Q) 
or C«Q u I». 

Consider 

0 a t 0 

S = < a 2 0 a 3 a, e (Qul);l <i < 4 > c V 
0 a 4 0 

be a special neutrosophic-neutrosophic complex vector 
subspace of V over the neutrosophic rational subfield (Q u I). 
S is of dimension four over (Q u 1). S is also a special 
neutrosophic complex ordinary vector subspace of V over the 
rational field Q and S is of infinite dimension over Q. Clearly S 
is not a vector subspace over C(Q) = {a + ib I a, b e Q} or 
C«QuI». 

Consider 

a i a 2 a 3 

P=< 0 a 4 a 5 a i e C(Q) 

° 0 a 6 _ 

= {a + ibla, be Q}, 1 < i < 6 } c V, P is a special complex 
neutrosophic complex vector subspace of V over the rational 
complex field C(Q) of dimension 6. P is also a special complex 
neutrosophic ordinary vector subspace over the field of rationals 
Q of infinite dimension. 

Clearly P is not a special complex neutrosophic complex 
vector subspace of V over (Q u I) or C «Q u I)). As it is not 
defined over the two fields. 
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Thus we have seen several of the properties about special 
neutrosophic complex vector spaces defined over C «Q u I)). 
We now proceed onto define the linear algebra structures. 

DEFINITION 1.9: Let V be a ordinary complex neutrosophic 
vector space over the rationals Q. If on V a product ’ can be 
defined and V is compatible with respect to the product \ then 
we call V to be a ordinary complex neutrosophic linear algebra 
over the rational field Q. 

We provide examples of them. 



Example 1.16: Let 



V = 




a 2 

a 4 



a, e C«QuI»;l<i <4 



be an ordinary complex neutrosophic linear algebra over Q. V 
is of infinite dimension over Q. V has linear subalgebras. It is 
interesting to notice V is also a vector space but all ordinary 
complex neutrosophic vector spaces over Q need not in general 
be linear algebras. 

In view of this we have the following theorem. 

THEOREM 1.9: Let V be an ordinary neutrosophic complex 
linear algebra over the rationals Q, then V is an ordinary 
neutrosophic complex vector space. If V is an ordinary 
neutrosophic complex vector space over Q then V in general is 
not an ordinary neutrosophic complex linear algebra over Q. 

The proof is straight forward hence left as an exercise for the 
reader. On similar lines we can define neutrosophic - complex 
neutrosophic linear algebra over (Q u I), neutrosophic complex 
- complex linear algebra over C(Q) = {a + ib I a, b e Q} and 
special neutrosophic complex linear algebra over C((Q u I)). 

We give only examples of them as the definition is a matter 
of routine. 
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Example 1.17: Let 



V = 




a,eC((QuI» 



be a neutrosophic complex neutrosophic linear algebra over the 
neutrosophic field F = (Q u I). 



Example 1.18: Let M = {All 5x5 upper triangular matrices 
with entries from C ((Q u I))) be a neutrosophic complex 
neutrosophic linear algebra over the neutrosophic field (Q ul) 
= F 



Example 1.19: Let P = {all 10 x 10 matrices with complex 
neutrosophic entries from C((Q u I))} be a neutrosophic 
complex neutrosophic linear algebra over the neutrosophic field 
F = (Q u I). M={alll0xl0 upper triangular matrices with 
complex neutrosophic entries from C((Q u 1))} c P is the 
neutrosophic complex neutrosophic linear subalgebra of P over 
the field F= (Q u I). 



This space is of infinite dimension over (Q u I) = F. 
Example 1.20: Let 



P= £a,x‘ 



a, e C((Q ul» 



be a complex neutrosophic complex linear algebra over the 
complex rational field C(Q) = {a + bi I a, b e Q}. 

Example 1.21: Let 



V = 



cl. 3-, 3-> 3 A 



0 a 5 a 6 

0 0 a„ 



a Q 



0 0 0 a 



io J 



a, e C«ZuI»;l <i <10 



be a complex neutrosophic complex linear algebra over the 
rational complex field C(Q) = {a + bi I a, b e Q}. 
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Example 1.22: Let M = {all 8 x 8 lower triangular complex 
neutrosophic matrices with entries from C ((Q u 1))} be a 
complex neutrosophic complex linear algebra over the complex 
field C(Q) = {a + bila.be Q}. 

Example 1.23: Let 





a i a 2 a 3 






T = < 


a 4 a 5 a 6 




a t e C«QuI»;l<i <9 




a i a g a 9_ 







be an ordinary neutrosophic complex linear algebra over the 
rational field Q. 



Example 1.24: Let A = {all 10 x 10 upper triangular matrices 
with complex neutrosophic entries from the complex 
neutrosophic field} be an ordinary neutrosophic complex linear 
algebra over the field of rationals Q. 



Example 1.25: Let 



B = 




a,eC«QuI» 



be a special neutrosophic complex linear algebra over the 
neutrosophic complex field C ({Q u I)). 

Example 1.26: Let 





a i a 2 a 3 






C= < 


0 a 4 a 5 




a iG C«QuI»;l<i<6 




1 

o 

o 

p 

OS 

1 







be a special neutrosophic complex linear algebra over the 
neutrosophic complex field C ((Q u I)). 

Clearly C is of dimension 6 over C ((Q u I)). We can derive 
almost all properties of vector spaces in case of linear algebras 
with simple appropriate modifications. 



31 




We can also define the notion of linear transformation and 
linear operators. 

We can define linear transformation T of neutrosophic 
complex vector spaces from V to W only if V and W are 
defined over the same field. Also T (I) = I is a basic criteria for 
the transformation for the indeterminancy cannot be mapped on 
to any other element. 

Likewise if W is replaced by V this linear transformation T of V 
to V becomes the linear operator. All properties associated with 
linear transformation and linear operators of neutrosophic 
complex vector spaces can be easily derived in case of these 
operators. 

We can now define the characteristic values and 
characteristic vectors as in case of complex neutrosophic vector 
spaces / linear algebras defined over the fields. 

DEFINITION 1.10: Let V be a special complex neutrosophic 
vector space over the complex neutrosophic field C ((Q U I)). 
Let T be a special linear operator on V. A complex 
neutrosophic value ofT is a scalar c in C ((Q ul)) so that there 
is a non zero neutrosophic complex vector a in V with Ta= ca 

If c is the special characteristic value ofT then 

i) any a such that Ta - ca is called the characteristic 
neutrosophic complex vector of T associated with c. 

ii) The collection of all a such that Ta = ca is called 
the neutrosophic complex characteristic space 
associated with c. 

If the complex neutrosophic field C((Q u I)) is replaced by (Q 
u I) or C(Q) = {a + bi I a, b e Qj or Q we get the 
characteristic value c as neutrosophic number a + bi or c + di 
or a respectively and the associated characteristic space of 
them would be a neutrosophic complex neutrosophic subspace 
or complex neutrosophic complex subspace or ordinary 
complex neutrosophic subspace respectively. 

The following theorem is left an exercise for the reader to 
prove. 
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THEOREM 1.10: Let T be a complex neutrosophic linear 

operator on a finite dimensional special ( ordinary or complex 
or neutrosophic) complex neutrosophic vector space V and let c 
be a scalar in C((Q u I)) (or Q or C(Q) or (Q u I) 
respectively), 

The following are equivalent 

i ) c is the characteristic value of T. 

ii) The operator (T - cl) is singular. 

Hi) det (T - cl) = 0. 



We can define diagonlizable linear operator as in case of other 
linear operator. Also we will show by an example how to find 
the characteristic polynomial in case of special (ordinary or 
complex or neutrosophic) matrices. 

Let 

a, +b.i + c l l + d,il a^+bd + cj + ddl 

M = ' 2 2 2 2 ^ 

a 3 + b 3 i + c 3 I + d 3 il a 4 + b 4 i + c 4 I + d 4 il 



be a 2 x 2 matrix with entries over the field C ((Qu I)) such 
that the matrix (M - cl 2x 2 ) is non invertible. 

All results related with linear operators of special (ordinary or 
complex or neutrosophic) vector spaces can be derived as in 
case of usual vector spaces with simple appropriate 
modifications. 

Now we proceed onto define the concept of linear functionals. 
We can define four types of linear functionals. 

Let V be a special neutrosophic complex vector space over 
the neutrosophic complex field F = C((Q u I)). The special 
linear functional on V is a map (a linear transformation) f : V — > 
F such that 

F (c a + P ) = cf (a) + f (P) 
a, p e V and C e C«Qu I». 

We will first illustrate this by an example. 
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Example 1.27: Let 



V = 




a, e C«QuI));l <i < 6 



be a special neutrosophic complex vector space over the 
neutrosophic complex field F = C((Q u I)). 



Define f : V — > F by 




Clearly f is a special linear functional on V. 

If V is a neutrosophic complex neutrosophic vector space 
over the neutrosophic field K = (Q u I). We define f : V — > K 
and f (v) e (Q u I) that is only neutrosophic number. 

Example 1.28: Let 

[ a i ] 

a 2 

V= \ &3 a, e C((QuI));l<i <6 
a 4 

a s 

L a 6 J 

be a neutrosophic complex neutrosophic vector space over the 
neutrosophic field (Q u I) = K. 

Define f : V — > K by 




— (an + • ■ • + a^) + (cn + . . . + Ci6)I 
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where ai 
a 2 

and a 6 
Clearly 

fh 



f 



a 2 



— an + bni + CnI + idnl 

— ai2 + bi 2 i + Ci 2 I + idi 2 I 

= aj6 + bi6i + Ci6l + idigl- 






— (an + . . . + a^) + (cn + . . . + Ci6)I 



is in (Q u I) is a neutrosophic linear functional on V. 



Example 1.29: Let V = {(a h a 2 , a 3 ) I a; e C ((Q u I)); 1 < i < 3} 
be a complex neutrosophic complex vector space over the 
rational complex field K = C(Q) = { a + ib I a, b e Q } . Let f : V 

— > K defined by f (ai, a 2 , a 3 ) = (an + a i2 + a i3 ) + i (bn + bi 2 + 

bi 3 ) where 

a 3 — an + bni + CnI + idnl 
a 2 = a 12 + b i 2 i + c i 2 I + idi 2 1 

and a 3 = a J3 + b L3 i + C| 3 I + id i3 I 

where a^, by, c,, and d,, are in Q; 1 < j < 3. 

Clearly f is a complex linear functional on V. Now we proceed 
onto give an example of a ordinary linear functional on V. 



Example 1.30: Let 



V = 




4 J 



aj — an + ibn + CnI + idnl 



where an, bn, Cn, dn e Q; 1 < i < 3 and 1 < j < 4} be an ordinary 
neutrosophic complex vector space over the rational field Q. 
Define f : V — > Q by 
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— an + &i2 + &i3; 



f is an ordinary linear functional on V. 

Now having seen the definitions of linear functionals 
interested reader can derive all properties related with linear 
functionals with appropriate changes. We can now define set 
neutrosophic complex vector spaces, semigroup neutrosophic 
complex vector spaces and group neutrosophic complex vector 
spaces. Also the corresponding linear algebras. 



DEFINITION 1.11: Let V c C ((QuI)) be a proper subset of 
complex neutrosophic rationals. S c" Q be a subset of S. We 
define V to a set complex neutrosophic vector space over the set 
S czQ if for all v e V and s e S, vs and sv e V. 

We give examples of this situation. 



Example 1.31: Let 

V = { (ai, a 2 , a 3 ), 



a i 

a 3 

a 5 




^a.x 1 a, e C«Q u I});0 < i < 20 



be set vector space of neutrosophic complex rationals over Z c 
Q or set complex neutrosophic rational vector space over the set 



Z. 




0 aj a 2 a 3 
a 4 0 a 5 0 



a, e C «Q u I»; 



1 < i < 5 } be a set complex neutrosophic vector space over the 
set S = {0, 1, 2, 3, 4, 12, 17, -5, -9, -23} c Q. 
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Example 1.33: Let 







a i 




V = ■ 


8 

cljX 9 9 & 2’ ’***’ *^20 


a 2 






i =0 










_ a i 2 _ 





a, e C «Q u I»; 



0 < i < 20 } be a set neutrosophic complex vector space over the 
set S = {0,-1, 1}. 



Now having seen examples of set neutrosophic complex vector 
spaces we now proceed onto define set neutrosophic complex 
vector subspaces of V over the set S. 

Let V be a set complex neutrosophic vector space over the 
set S. Suppose W c V and if W itself is a set complex 
neutrosophic vector space over the set S then we define W to be 
a set complex neutrosophic vector subspace of V over S. 

We will illustrate this situation by some examples. 

Example 1.34: Let 





a i 






a 2 


3 


(&! , <^2 9 ^3 ) 9 


a 3 


■ Z a , x ‘ 




a 4 


i =0 




_ a 5 _ 





a ie C((QuI»;0<i<5) 



be set vector space of neutrosophic complex rationals over the 
set S = { 0, 1}. 

Consider 





a i 




0 


(0.a,.0), 


a 2 




0 




_ a 3_ 



a 1 ,a 2 ,a 3 e C({Qul}) 



cV, 
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W is a set vector subspace of neutrosophic complex rationals 
over the set S ={0, 1 }. 

Take 

a i 
a 2 
a 3 
a 4 
a 5 

c C((Q u I)); 0 < i < 5} c V is a set complex neutrosophic 
vector subspace of V over the set S = { 0, 1 } . 

Example 1.35: Let 



25 

Za,* 1 , 

i-0 



ai e C ((Q u I)); 0 < i < 40} be a set neutrosophic complex 
vector space over the set {-5, 4, 2, 1, 3, 8, 10, 0} c S. 

Consider 

a i a 2 a 3 

0 0 0 

0 0 0 

0 0 0 



a j; a ; e C((Q u I»; 0 < a ; < 12, a, = 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 
21, 22, 30} c V is a set neutrosophic complex vector 

subspace of V over the set S. 

Now as in case of usual set vector spaces we can derive all 
the related properties we can also define the notion of subset 



a i a 2 ••• a io 

0 0 ... 0 



a 21 a 22 ••• a 30 

0 0 ... 0 




1 

& 


a 2 


P 

UJ 

1 




a i 


a 2 • 


o 

1 


a 4 


a 5 


a 6 




a il 


a i2 


a 20 








5 


a 2j 


a 22 


a 30 


_ a 28 


a 29 


a 30_ 




_ a 31 


a 32 


a 40 _ 




X a ,x‘ a ; e C «Z u I» 

i=0 
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neutrosophic complex vector subspace over a subset, which is 
simple and left as an exercise to the reader. 



We give examples of this structure. 

Example 1.36: Let 

r -1 ^3 ^4 

r di { a 2 a 3 

_ a i a 2 a 3 a 4 a 5 a 6 a 7 a 8 

* | 5 a 4 a 5 a 6 * 

_ a 5 a 6 a 7 a 8_ a 9 a i0 a il a i2 

L a 7 a 8 a 9 J 

[_ a 13 a i4 a i5 a i6 

aj e C ((Q u I)); 1 < i < 16} be a set neutrosophic complex 
vector space over the set S = 3Z u 5Z u 7Z u 13Z. 

Consider 

aj 0 a 2 0 
0 a 4 0 a 5 
a 3 0 a 6 0 
0 a 7 0 a 8 

ai e C ((Q u I)); 1 <i<8} c V; P is a subset neutrosophic 
complex vector subspace of V over the subset T = 3Z u 13Z c 
S. 

Also 

a, 0 0 01 

0 a 2 0 0 

0 0 a 3 0 

0 0 0 aj 

ai e C ((Q u I)); 1 <i<4} c V, M is a subset neutrosophic 
complex vector subspace of V over the set T = 3Z u 5Z c S. 
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Example 1.37: Let 







a i 


a 2 








V = < 


29 

IX* 1 . 


a 3 


a 4 




a i 


a 2 


, (cl^ 1 & 2 ’ ^3 ’ ^4 ) 




i=0 








- a 3 


a 4_ 








_ a H 


a i2 _ 









a; e C ((Q u I)); 0 < i < 29}be a set neutrosophic complex 
vector space over the set S = 3Z + u5Zu 7Z + . 

Consider 



M = 



20 




i=0 



0 

a 2 



a i 


0" 




a 2 


0 




0 


0 


,(aj,0,a 2 ,0) 


0 


0 


0 


0 




Jl 3 


V 





a; e C ((Q u I)); 0 < i < 20} c V; is a subset neutrosophic 
complex vector subspace of V over the subset T = { 3Z + u 5Z } 
c S. Take 



P = 



10 




i-0 



0 

a l 



a i 


0" 




a 2 


0 




a t 


0 




J 


0 


,(0,0,a p a 2 ) 


a 4 




a 5 


0 




- a 6 


0 





a; e C ((Q u I)); 0 < i < 10} c V, is a subset vector complex 
neutrosophic subspace of V over the subset T = 7Z + c S. 

We can define set linear transformation, set linear operator 
and set basis of a set neutrosophic complex vector space over 
the set S, which is left as an exercise as it can be carried out as a 
matter of routine. We can also define special set neutrosophic 
complex vector space over the complex neutrosophic subset of 
C«Q u I». 
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Example 1.38: Let 



V = 



ell till 



a, a. 



a, a. 



V a 7 a 8 



a,eC((QuI»;l<i<9 



be a set neutrosophic of complex neutrosophic vector over a set 
S = { 1, i, 1 + I, 3i - 1, 2I+l+5i + 181} c C«Q ul». We observe 
S g Q so we call such vector spaces as special set vector spaces. 

DEFINITION 1.12: Let V be a set vector space of complex 

neutrosophic rationals (set complex neutrosophic rationals 
vector space) over a set S c C ((Q u I)) and S gt Q then we 
define V to be a special set vector space of complex 
neutrosophic rationals over the set S if vs and sv e V for all s e 
S and v e V. 



We will illustrate this by some examples. 
Example 1.39: Let 



V = 




ell 3.ry 



a Q a Q 



, (cij , 



•’ a io) 



a; e C((Q u I));l < i<14 } be a special set complex neutrosophic 
rational vector space over the set S = C ((Z u I)) c C «Q u I)). 



Example 1.40. 


: Let 








a i 


a 2 


a 3 




M = < 


a 4 


a 5 


a 6 


> 




_ a 7 


a 8 


a 9 _ 





a 9 

a,< 
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a; e C((Q u I)); 1 < i < 18} be a special set neutrosophic 
complex vector space over the set S = C«3Z ul)) c C((Q u I)). 

Example 1.41: Let 









a i 


a 2 


a 3 


a 4 


12 


V = < 


(&! , ^2 ? • 


•• 9 ^ 9)9 


a 5 


a 6 


^7 


a 8 


•Z a , xl 








- a 9 


a io 


a n 


a i 2 _ 


i =0 



ai e C((Q u I)); 0 < i < 12} be a special set complex 
neutrosophic vector space over the set C«3Z u I)). 



Example 1.42: Let 



a i a 2 



M = 



a i a 2 
a 4 a 5 




a 3 

a 5 

a 7 



a 4 

a 6 

a 8 




i =0 



a i 

a 3 



a 5 



a 2 

a 4 

a 6 



a 9 a i0 



a; e C((Q u I)); 0 < i < 25} be a special set complex 
neutrosophic vector space over the set S = {C((5Z u I)) u 
C(13Z u I))}. Take 



P = 




0 

a 3 




a t e C(< Q u I >);0 < i < 10 



cV, 



P is a special set neutrosophic complex vector subspace of V 
over S. Consider 



W = 



a i 

< 0 
L a 3 



0 



0 

a 2 

0 




i -0 



a 2 

0 

a 4 

0 



a l 

0 

a 3 

0 

a 5 



ai e C «Q u I»; 0 < i < 20} 
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c V, W is a special set complex neutrosophic vector subspace 
of V over the set S. 

Consider 



B = 



a i 

< 0 

L a 3 



a 2 

0 

a 4 



0 

a l 

0 



a 3 



0 



a 2 

0 

a 4 




0 0 



a, e C «Q u I»; 



0 < i < 5} c V, take T = {C «25Z u I» u C«39Z u I))} c S; 
we see B is a special subset complex neutrosophic vector 
subspace of V over the subset T of S. 

Now having seen examples of special set subspaces and 
special subset vector subspaces of complex neutrosophic 
rationals we proceed onto define the notion of semigroup 
complex neutrosophic vector space and special semigroup 
complex neutrosophic vector space. 

Just we mention in case of special set neutrosophic complex 
vector space also one can define special set linear 
transformations provided both the special set vector spaces are 
defined over the same set of complex neutrosophic numbers. 
Further the basis, direct sum of subspace and other properties 
can be easily derived as a matter of routine. All these work is 
left as exercises to the reader. 

DEFINITION 1.13: Let V be any subset of complex neutrosophic 
numbers and S be any additive semigroup with zero. We call V 
to be a semigroup neutrosophic complex vector space over S if 
the following conditions hold good. 

i) vs - sv e V for all s e S and v e V. 

ii) O.v = 0 e V for all v e V and 0 e S; 0 e V is a zero 
vector. 

iii) (si + S 2 ) v = sjv + S 2 vfor all Si, S 2 £ S and v e V. 
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We will first illustrate this situation by some examples. 
Example 1.43: Let 




a ; e C((Q u I)); 1 < i < 30} be a semigroup neutrosophic 
complex vector space over the semigroup S = Z + u { 0 } . 

Example 1.44: Let 




a; e C((Q u I)); 0 < i < 40} be a semigroup neutrosophic 
complex vector space over the additive semigroup S = 5Z + u 
{ 0 }. 

Example 1.45: Let 




a ; e C ((Q u I)); 1 < i < 10} be a semigroup neutrosophic 

complex vector space over the semigroup S = 2Z + u { 0 } . 
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Consider 



a i 
0 
0 
0 

a 9 

a io 

C ((Q u I) } c P; V is a semigroup neutrosophic complex vector 
subspace of P over the semigroup S. 

Also 



0 a 2 


1 a ‘ 


a l 


a i 


0 


°1 


/ 

1 

o 
1 


\0 


0 


0 


a l 


a J 



ai, a 2 e C «Q u I)}c B is a subscmigroup neutrosophic 
complex vector subspace of P over the subsemigroup A = 8Z + 
u {0} of the semigroup S. 

Here also all properties of semigroup linear transformation of 
vector spaces can be obtained provided they are defined over 
the same, semigroup, semigroup linear operator and basis can be 
defined as in case of usual semigroup vector spaces. 

Example 1.46: Let 

a i a 2 

a 3 a 4 

a 9 a i0 

ai g C((Q u 1)); 1 < i < 15} be a semigroup complex 

neutrosophic vector space over the semigroup S = 3Z + u { 0 } . 
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Consider 




a,e C«QuI»; l<i<4}cV, 



^1 ^4 ^7 ^10 ^13 

W 2 = < a 2 a 5 a 8 a n a 14 a; e C((Q u I));l < i < 15}c V 

_a 3 a 6 a 9 a 12 a 15 _ 

and 




1 <i< 10} c V 



be semigroup complex neutrosophic vector subspaces of V over 
the semigroup S = 3Z + u {0}. It is easily seen V = Wi + W 2 + 
W 3 and W; n Wj = <|>; 1 < i, j <3. Thus V is a direct sum of 
semigroup complex neutrosophic vector subspaces of V over S. 

Let 

aj 0 0 0 a 3 

, 0 0 a 2 0 0 

-* [o 0 0 a 4 oj 




a i e C «Q u I»; 1 < i < 4} cV, 




a; e C «Q u I»; 1 < i < 15} c V and 
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w 3 = 



a l 

< 0 
0 



0 0 
0 a 2 
0 0 



0 

0 

a 4 



a 3 

0 

0 



a i a 2 

a 3 a 4 

a 5 a 6 
a 7 a 8 
a 9 a iO 



a, e C «Q u I»; 1 < i < 10} c V; clearly W L + W 2 + W 3 = V 
and Wi n Wj ^ <|) if i ^ j; 1 < i, j < 3. Thus V is only a pseudo 
direct union of subspaces. 

We define special semigroup complex vector as follows. 

DEFINITION 1.14: Let V be a semigroup neutrosophic complex 
vector space over the complex neutrosophic additive semigroup 
S. Then we define V to be a special semigroup neutrosophic 
complex vector space over the semigroup S. 

We will illustrate this situation by some examples. 

Example 1.47: Let 







a i 


a 2 


a 3 








- 












/ 






a l 


a 2 




a 4 


a 5 


a 6 


? j 


1 a i 


a 2 • 


.. a 20 


3 


a 4_ 




_ a 28 


a 29 


a 30_ 




L a 21 


a 22 


•• a 4oy 



a; e C((Q u I)); 1 < i < 40} be a special semigroup neutrosophic 
complex vector space over the complex neutrosophic additive 
semigroup S = C «3Z u I)). 



Example 1.48: Let 







a i 


a 2 


a 3 


M = < 




a 4 


a 5 


a 6 






_ a 43 


a 44 


a 45 _ 



a io 

a 20 



.& X ‘ 



i=0 
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a, e C«Q u I)); 0 < i < 45} be a special semigroup complex 
neutrosophic vector space over the semigroup under 
addition S = C((5Z u I)). 

Example 1.49: Let 



M = 1 



Za,x‘, 



a. a, 



a, a. 



i=0 



a, e C«QuI));0<i <32 



be a special semigroup complex neutrosophic vector space over 
the neutrosophic complex semigroup S = C((10Z u I)) under 
addition. 



Take 



V = < 


2>,x\ 


a i a 2 a 3 

0 a 4 a 5 




a, g C((Q u I»; 0 < i < 6 




i=0 


1 

O 

O 

P 

Os 

1 







be a special semigroup complex neutrosophic vector subspace 
of M over the neutrosophic complex semigroup S. 

Take 







a i 


0" 






P= < 


2>,x\ 

i=0 


a 2 


0 




aj g C«QuI»;0 <i <16 






_ a i6 


0 







be a special subsemigroup complex neutrosophic subvector 
space of M over the subsemigroup T = C ((40Z u I}) c S under 
addition. We can also write M as a direct sum of subspaces as 
well as a pseudo direct sum of special semigroup vector 
subspaces. 

Now we proceed onto define the notion of set linear 
algebra, special set linear algebra, semigroup linear algebra and 
special semigroup linear algebra using complex neutrosophic 
rationals. 
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DEFINITION 1 . 15 : Let V be a set neutrosophic complex vector- 
space over the set S. We define V to be a set complex 
neutrosophic linear algebra over the set S if s (a + b) = sa + sb 
for all a, b e V and s e S. 

We give examples of them. 

Example 1.50: Let 





a l 


a 2 






V = < 


a 3 


a 4 




a 1 eC«QuI));l<i<14 




1 

U) 







be a set complex neutrosophic linear algebra over the set S = 
(5Z u 7Z). 



Example 1.51: Let 
a, a 



M = 



1 “2 
a : a. 



a, e C«QuI));l <i < 4,x 



be a set complex neutrosophic linear algebra over the set S = 3Z 
u7Zu 5Z. 



Example 1.52: Let 

, , 3 ., 

M = 



a, e C((QuI»;l<i <24 



be a set neutrosophic complex linear algebra over the set S = 5Z 
u2Zu 17Z. 



W= 



1 0 a 3 



a 

0 a 



a 



0 



ii 

0 a 



0 



a 1 ,a 3 ,...,a 24 eC«QuI» 



cMis a set neutrosophic complex linear subalgebra of M over 
the set S. Take 



R = 



cl, 



b, b, ... b, 



a^b, e C«Q ul» > c M; 
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R is a set neutrosophic complex linear algebra over the set S = 
5Z u 2Z u 17Z. 

Consider 

| aj 0 a 3 0 a 5 0 ... a u 0 a i eC((QuI)); 

| a 2 0 a 4 0 a 6 0 ... a 12 0 1 < i <12 

cMbea subset complex neutrosophic linear subalgebra of M 
over the subset T = 5Z u 2Z c S. 

Suppose 

3.. ... 3 i9 I 

B = < 1 2 12 a. e C«Q ul»;l <i <12 > c M; 

[L 0 0 ... oj 1 j- 

B is a subset neutrosophic complex linear subalgebra of M over 
the subset R = 17Z c S. 

Example 1.53: Let 

a i a 2 a 3 
a 4 a 5 a 6 
3 7 3 S 3 q 

M= I 7 8 9 

a i0 a il a i2 
a i3 a i4 a i5 
L a i6 a i7 a i8 

be a set neutrosophic complex linear algebra over the set S = 
3Z + u {0}. 

Consider 

a i a 2 a 3 

0 0 0 

W 1= J a4 as &6 a.eC«QuI));l<i<6 
0 0 0 1 

0 0 0 

0 0 0 
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a proper subset of M, 



W 2 = 



0 

a l 

0 

a 4 

0 

0 



0 

a 2 

0 

a 5 

0 

0 



0 

a 3 

0 

a 6 

0 

0 



a, e C((QuI));l<i <6 



cM, 



W 3 = 



0 

0 

0 

0 

a l 

0 



and 



W 4 = 



0 

0 

0 

0 

0 

a, 



0 

0 

0 

0 

a 2 

0 

0 

0 

0 

0 

0 



0 

0 

0 

0 

a 3 

0 

0 

0 

0 

0 

0 

a. 



a p a 2 ,a 3 e C«Q ul» 



cM 



a, e C«QuI»;l<i <3 



cM 



be set neutrosophic complex linear subalgebras of M over the 
set S. 

Clearly M = W 1 + W 2 + W 3 + W 4 and W.nWp (0) if i * j; 
1 < i, j <4. Thus M is the direct sum of sublinear algebras of 
M. Now we can also define special set linear algebra of 
complex neutrosophic numbers. 

We will give only examples of them and their substructures as it 
is a matter of routine to define them. 
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Example 1.54: Let 





1 

o 






V = < 


a 2 a il 




a,eC«QuI»;l<i<18 




1 

P 

SO 

& 

00 







be a special set linear algebra of complex neutrosophic rationals 
over the set S = C ((Z u I)). 

Example 1.55: Let 





3_i 3-2 


a io 






M = < 


a il a i2 


•• a 20 




a i eC«QuI));l<i<30 




_ a 21 a 22 


a 30 _ 







be a special set neutrosophic complex linear algebra over the set 
S = C «3Z uI))uC «5Z u I». 



Example 1.56: Let 



V = 




a 40 

a 80 



a i eC«QuI));l<i<80 



be a special set complex neutrosophic linear algebra of V over 
the set S = C «3Z uI))uC «5Z u I». 

Take 



| a, a 2 0 ... 0 
j_a 4 a 5 0 ... 0 



a 3 

a 6 



a, e C((Q ul»;l <i < 6 



c V be a special set complex neutrosophic linear subalgebra of 
V over the set S. 
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Consider 



T = 




a 2 ••• a 40 

0 ... 0 



a i eC«QuI»;l<i<40 



cV, 



be a special set complex neutrosophic linear subalgebra of V 
over S. 

Take 



A = 




0 

a i 



a 40 

0 



a i eC«QuI»;l<i<40 



cV 



and subset T = C «3Z u I)) c S. 

A is a subset special neutrosophic complex sublinear algebra of 
V over the subset T = C«3Z u I)) c S. 

Having seen examples of substructures in case of set special 
neutrosophic complex linear algebra over the set S, we now 
proceed onto give examples of semigroup complex neutrosophic 
linear algebras and their substructures. 

Example 1.57: Let 





1 

p 

to 


a 3 






V = < 


a 4 a 5 


a 6 




a j e C((QuI»;l<i <9 




1 

P 

P 

00 


a 9 _ 







be a semigroup linear algebra of complex neutrosophic numbers 
over the semigroup S = Z + u { 0 } . 

Example 1.58: Let P = {all 10 x 10 neutrosophic complex 
numbers from C ((Q u I))} be a semigroup neutrosophic 
complex linear algebra of complex numbers over the semigroup 
S = 5Z. 

Clearly V = {all 10 x 10 upper triangular neutrosophic 
complex numbers with entries from C ((Q u I))) c P is a 
semigroup neutrosophic complex linear subalgebra of P over S. 

Take W = {all 10 x 10 diagonal neutrosophic complex 
matrices with entries from C ((Q u I))} c P; W is a 
subsemigroup complex neutrosophic linear subalgebra of P over 
the subsemigroup T = 15Z, a subsemigroup of 5Z = S. 
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Example 1.58: Let 



&2 &3 ^4 ^5 

V = < a 6 a 7 a 8 a 9 a 10 a, e C«Q ul));l <i <15 > 

_ a i j; a 12 a 13 a 14 a 15 _ 

be a semigroup complex neutrosophic linear algebra over the 
semigroup S = 2Z. 

Let 

^2 ^3 ^4 ^5 

M 1= | 0 0 0 0 0 a t e C((QuI));l<i <10 > 

_ a 6 a 7 a 8 a 9 a i0 _ 

c V be a semigroup complex neutrosophic linear subalgebra of 
V over S = 2Z. 

To o o o ol 

M 2 = < a : a 2 0 0 0 a p a 2 e C«QuI» > c V, 

|_o 0 0 0 oj 

is a semigroup complex neutrosophic linear subalgebra of V 
over S = 2Z. 

To o o o ol 

M 3 = < 0 0 aj a 2 a 2 a p a 2 e C((Q ul» > c V 

[o 0 0 0 oj 

is a semigroup complex neutrosophic linear subalgebra of V 
over S = 2Z. 

We see V = W L + W 2 + W 3 where W; n W 3 = (0), 1 < i, 
j < 3. Thus V is a direct sum of semigroup linear subalgebras of 
complex neutrosophic numbers over S = 2Z. 
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Let 





a l 


a 2 


0 


0 


0" 




M, = < 


0 


0 


0 


0 


0 


a i eC«QuI»;l<i <4 > 




0 


0 


0 


a 3 


a 4 _ 


■ 




a l 


0 


0 


a 2 


a 3 




M2 - < 


0 


a 4 


0 


0 


0 


a t e C((QuI));l<i <6 > 




_ a 5 


0 


0 


0 


a 6. 


■ 




a l 


0 


0 


a 2 


a 3 




M3 = -■ 


a 4 


a 5 


0 


0 


0 


a, e C«QuI»;l <i <7 > 




_ a 6 


a? 


0 


0 


a 7_ 


■ 


r 


"0 


a i 


a 2 


a 3 


0" 




m 4 = | 


a 4 


a 5 


0 


a 6 


a 7 


a, e C«QuI»;l<i <8 ► 


- 


0 


0 


a 8 


0 


0 


- 




T a i 


0 


0 


0 


a 2 




m 5 = • 


■ 0 


0 


a 3 


0 


a 4 


a i eC«QuI));l<i<6 > 




_L a 4 


0 


a 5 


0 


a 6 _ 





be semigroup complex neutrosophic linear subalgebras of V 
over the semigroup S. 

We see 

v=U w i 

i=l 

but W; n Wj ^ ( 0 ); if i =£ j, 1 < i, j < 5 . Thus V is the pseudo 
direct sum of semigroup complex neutrosophic linear 
subalgebras of V over S. 
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Example 1.60: Let 



A = 



a l 


a 2 


a 3 


a 4 


a 5 


a 6 


a 7 


a 8 


a 9 


a io 


a il 


a i2 


a i3 


a i4 


a i5 


a i6 


a i7 


a i8 


a i9 


a 20 


a 21 


a 22 


a 23 


a 24 


a 25 



a ie C«QuI»;l<i<25 



be a semigroup neutrosophic complex linear algebra over the 
semigroup S = 10Z. 

Take 



r a i 


0 


a 2 


0 


a 3 






0 


a 4 


0 


a 5 


0 






a 6 


0 


a 7 


0 


a 8 




a i eC«QuI»;l<i<13 


0 


a 9 


0 


a io 


0 






L a n 


0 


a i2 


0 


a i 3 _ 







is a subsemigroup neutrosophic complex linear subalgebra of A 
over the subsemigroup 40Z = T of S = 10Z. 

We can have several such subsemigroup complex 
neutrosophic linear subalgebras of A over TcS. 

Now we give examples of special semigroup neutrosophic 
complex linear algebras and their substructures. 

Example 1.61: Let 





a i 


a 2 


a 3 


a 4 






V = < 


a 5 a 6 


a 7 


a 8 




a I eC«QuI»;l<i<64 




_ a 61 


a 62 


a 63 


a 64 _ 







be a special semigroup complex neutrosophic linear algebra 
over the semigroup C ((Z u I)). 
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Example 1.62: Let 





a i a 2 


•• a io 






M = < 


a 5 a 6 . 


a 20 




a I eC«QuI));l<i<60 




_ a 51 a 52 


•• a 60_ 







be a special semigroup neutrosophic complex linear algebra 
over the semigroup C ((Z u I)). 

Example 1.63: Let 



V = 



r 


- 










a i 


a 2 


a 3 


a 4 




a 5 


a 6 


a 7 


a 8 




a 9 


a io 


a n 


a i2 




_ a i3 


a i4 


a i5 


a i6 _ 



a t e C«QuI));l <i < 16,+ > 



be a special semigroup neutrosophic complex linear algebra 
over the semigroup S = C «Q u I)). 

We see V is of finite dimension and dimension of V is 16 
over S. 

Take M = {set of all 4 x 4 upper triangular matrices with 
entries from C ((Q u I))} c V; V is a special semigroup 
complex neutrosophic linear subalgebra of V over S. 

Consider 



0 0 0 



H = 



0 a 2 0 
0 0 a, 



0 

0 



0 0 0 a, 



a, e C«Q u I»; 1 < i < 4 



cV, 



H is a special subsemigroup complex neutrosophic linear 
subalgebra of V over the subsemigroup T = C ((Z uI))cC «Q 
u I». 
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Take 



a 3 a 2 0 0 
a, a, 0 0 

W!=< ' a 1 ,a 2 ,a 3 ,a 4 eC«QuI» cV, 

0 0 0 0 1 2 3 4 

|_o 0 o oj 

Wi is a special semigroup of complex neutrosophic linear 
subalgebra of V over C ((Q u I)). 

fO 0 a, a 2 ^| 

0 0 0 0 

W 2 =^ a eC((QuI»,l<i<2 cV 

0 0 0 0 1 

[o 0 0 0 J 

is also a sublinear algebra of V. 

Vo ooo^ 

0 0 0 0 

w 3 = n n a 1 eC«QuI»,l<i<4 cV 

a, a 2 0 0 

i^a 3 a 4 0 0 J 

is also a special semigroup complex neutrosophic linear 
subalgebra of V over C ((Q u I)). 

Let 

Vo 0 0 0^ 

0 0 a, a, 

W 4 = 12 ai ,a,eC«QuI» cV; 

0 0 0 0 12 

^0 0 0 0 J 

be a special semigroup neutrosophic complex linear subalgebra 
of V over the semigroup S. 
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fo 0 0 0 ^ 

0 0 0 0 

W 5 =<! a 1 ,a 2 eC«QuI» c V 

0 0 a. { a 2 

[o 0 0 0 J 

be a special semigroup neutrosophic complex linear subalgebra 
of V over the semigroup S. 

Clearly W L + W 2 + W 3 + W 4 + W 5 * V with W ; n W 3 = (0) ; 
i*j; 1 <bj<5, but still V is not a direct sum of subspaces. On 
the other hand suppose we add the special semigroup complex 
neutrosophic linear subalgebra. 

fo 0 0 0^ 

0 0 0 0 

W 6 = a,,a 2 eC({QuI» cV, 

0 0 0 0 12 

1.0 0 a, a 2 J 

then V = Wi + W 2 + W 3 + W 4 + W 5 + W 6 and W; n W 3 = (0) if 
i ^ j, 1 < i, j < 6. 

Thus V is a direct sum of subspaces. 

Example 1.64: Let 

a i a 2 a 3 

v = < a 4 a 5 a 6 a i g C«Q ul));l <i <9 
a 7 a 8 a 9 _ 

be a special semigroup neutrosophic complex linear algebra 
over the neutrosophic complex semigroup S = C ((Q u I)). 

a 2 0 a 3 

Wi=< 0 a 2 0 aj,a 2 ,a 3 e C«QuI)) • c V; 

0 0 0 
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a i 


a 2 


0" 




W 2 = 


0 


a 3 


0 


a i eC«QuI»;l<i<4. 


- 


0 


0 


a 4_ 


- 




k 


0 


a 3 




w 3 = • 


a 4 


0 


a 5 


a t e C«QuI»;l<i <5 > 




1° 


0 


a 2_ 




[ 


a i 


0 


0" 


' 


-F* 

II 


0 


a 3 


a 2 


a, g C«Q ul));l <i < 6 




_ a 4 


a 5 


V 





be the collection of special semigroup complex neutrosophic 
linear subalgebra of V. We see 

v=U w , 

i=i 

and W; n Wj ^ (0); if i =£ j, 1 < i, j < 4, thus V is only a pseudo 
direct sum of subspaces of V. 

We can as in case of semigroup vector spaces define the notion 
of linear transformations of special semigroup complex 
neutrosophic linear algebras only if both these linear algebras 
are defined over the same complex neutrosophic semigroup. 
We can also define linear operator of special semigroup 
complex neutrosophic linear algebras over the semigroup of 
complex neutrosophic numbers. 

Further the notion of basis and dimension can also be 
defined. Now we proceed onto define the notion of group 
neutrosophic complex vector space and other related concepts. 

DEFINITION 1.16: Let V be a set of complex neutrosophic 

numbers with zero, which is non empty. Let G be a group under 
addition. 

We call V to be a group neutrosophic complex number 
vector space over G if the following conditions are true. 
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i. For every v e V and g e V gv and vg are in V. 

ii. O.v = Ofor every v e V, 0 is the additive identity of G. 

We give examples of them. 

Example 1.65: Let 







a 








a b 




b 






V = < 


c d 




c 


,(a,b,c,d) 


a,b,c,deC((QuI» 






d 







be a group complex neutrosophic vector space over the group 
G = Z. 



Example 1.66: Let 



V = 



ix**. 






*16 J 



a, e C«Q ul», 
0<i <21 



be a group complex neutrosophic vector space over the group G 
= 3Z. 



Example 1.67: Let 





a i 


a 2 


a 3 


a 4 






V = < 


a 5 a 6 


a 7 


a 8 




a I eC«QuI»,l<i<48 




_ a 45 


a 46 


a 47 


P 

-1^ 

00 

1 







be a group complex neutrosophic vector space over the group G 

= Q- 
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Example 1.68: Let 







a i 






V = < 


20 

Z a ,x\ 

i=0 


a 2 


,( a i, a 2 ,..., a 48 ) 


a I eC«QuI»,0<i<20 






_ a i2 _ 







be a group complex neutrosophic vector space over the group G 

= Q- 

Consider 





a i 








a 2 






15 

2X* 1 , 

i=0 


a 3 

0 


,(0,a p 0,a 2 ,00...00) 


a,eC«QuI», 
0 < i <15 




0 







c V; H is a group complex neutrosophic vector subspace over 
the group G = Q. 

Take 



p = j^a I x 1 ,(a 1 ,a 2 ,a 3 ,a 4 ,0 0) 

i=0 



a, e C((Q ul»,0 <i < 12 



c V; P is a group complex neutrosophic vector subspace of V 
over G. 



Example 1.69: Let 



a i a 2 



11 a i2 





a i 


a 2 


a 3 


9 


5 


a 4 


a 5 


a 6 


•Z a , x ' 




_ a 7 


a 8 


a 9 _ 


1=0 



a; e C ((Q u I)); 0 < i < 20} be a group complex neutrosophic 
vector space over the group G = Z. 
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Consider 



Wi = 



cli cl-} ... ell. 



... 3 0 



a, e C((QuI)),l<i <20> cV, 



W 2 = 



a i a 2 a 3 



a 7 a « a Q 



a, e C((Q u I», 1 < i < 9 



c V 



and 



W 3 = Z a .x‘ 



a i eC((QuI)),0<i<9 cV 



be group complex neutrosophic vector subspaces of V over G. 

Further V = W L + W 2 u W 3 ; W; n Wj ± (0); if i * j, 1 < i, j 
< 3. Let 



B 1= 




a 2 

0 



a io 

0 




a t e C«Q u I»,0 < i < 10 > c V 



B 2 

and 




a io 
a 20 



a i eC((QuI»,l<i<20 



cV 















a i 


a 2 


a 3 






3^1 3^ 


o . 


. 0 


a 9 










9 




3 4 3 2 


o . 


. 0 


a io 


9 


a 4 


a 5 


a 6 


•Z a . x 

i=0 












_ a 7 


p 

00 


a 9. 





a; e C ((Q u I)); 1 < i < 10} c V be group complex 

neutrosophic vector subspaces of V over the group G. 

Clearly V = Bi u B 2 u B 3 ; B ; n Bj =£ (|); 1 < i, j < 3, hence 
V is a pseudo direct union of subspaces. 
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We say a group complex neutrosophic vector space V over 
a group G is said to be a group complex neutrosophic linear 
algebra over the group G if V is a group under addition. We 
give examples of group complex neutrosophic linear algebra 
over group G. 



Example 1. 70: Let 

f 28 

V= Za,x‘ 



a, e C((Q ul»,0 <i < 28 



be a group complex neutrosophic linear algebra over the group 
G = Z. 

Example 1.71: Let 



V = 



3. ct 9 3o 



a, a, 3 a 



a. e C((QuI»,l<i <6 



be a group neutrosophic complex linear algebra over the group 
G = 3Z. 

Example 1. 72: Let 



V = 



3j 32 3^ 3 

a 6 a 7 a : 

a n a,„ a. - a 



a i 

U4 a 15 



10 “11 “12 
a,, a 16 



a, e C«QuI»,l<i <16 



be a group neutrosophic complex linear algebra over the group 
G = Z. 



W = 



aj 0 a 2 0 

0 a 3 0 a 4 

a 5 0 a 6 0 

0 a 7 0 a„ 



a,eC((QuI»,l<i<8 



cV; 
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be a group neutrosophic complex linear subalgebra of V over 
the group G = Z. 

'u o o o 1 

a 9 a, 0 0 

M = < 2 3 a 1 eC«QuI»,l<i<10^ c V 

a 4 a 5 a 6 0 

a 7 a 8 a 9 a 10 ^ 

be a group neutrosophic complex neutrosophic complex linear 
subalgebra of V over the group G = Z. 

Example 1. 73: Let 

a i a 2 a 3 

v=< a . 4 a . 5 a . 6 a 1 eC«QuI»,l<i<27 > 

a 25 a 26 a 27 J 

be a group complex neutrosophic linear algebra over the group 
G = Z. 

Take 

a i a 2 a 3 

0 0 0 

P!=| 0 0 0 a t e C((Q u I», 1 < i < 3 > cV, 

[o 0 0 J 

r o o oi 

a, 0 0 

P 2 =j . . . a t e C(< Q u I >), 1 < i < 8 > cV, 

_a 8 0 0 
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and 



T° 


0 


°1 


0 


a i 


a 2 


0 


a 3 


a 4 


0 


a 5 


a 6 


0 


0 


0 


[0 


0 


0 J 


T° 


0 


°1 


0 


0 


0 


0 


0 


0 


< 0 


0 


0 


0 


a l 


0 


1 

0 • 


a 5 


°J 


T° 


0 


°1 


0 


0 


0 


0 


0 


0 


< 0 


0 


0 


0 • ■ 


0 


a l 


1 

0 • 


0 


a sJ 



e C«Q ul»,l <i < 6 



eC«QuI»,l<i<5 



eC«QuI»,l<i<5 



<=V, 



£V 



£V 



be group complex neutrosophic linear subalgebras of V over the 
group G. Now we have V = Pi + P 2 + P3 + P4 + P 5 and P, n P, 
= (0) if i # j, 1 < i, j < 5. Thus V is the direct sum of group 
complex neutrosophic vector subspaces Pi, P 2 , P5 of V over 
G. 
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Example 1. 74: Let 



V = 



a 9 



a 



a. 



. a 6 

a 8 a 9 
a n a i: 



a, e C«QuI)),l<i <12 



be a special semigroup linear algebra of neutrosophic complex 
numbers over the complex neutrosophic semigroup S = C((Z u 
I». Take 



P = 



a. 



a 



a. 



a 6 
a 8 a 9 
a il a il 



a, g C«Z u I)), 1 < i < 12 



cV, 



P is a special scmigi'oup linear subalgebra of complex 
neutrosophic numbers over the neutrosophic complex 
semigroup S = C ((Z u I)). We see P cannot be used to find a 
direct sum of sublinear algebras however, P can be used in the 
pseudo direct union of sublinear algebras. 

Further we define special subsemigroup pseudo complex 
neutrosophic linear subalgebra of V. 

We say a proper subset T of V is a pseudo special 
semigroup complex neutrosophic linear subalgebra of V over 
the pseudo subsemigroup B of S if B is just a semigroup of reals 
and T is also only reals. 

We proceed onto give examples of this situation. 

Example 1. 75: Let 

ul»,l<i<6| 

be a special semigroup complex neutrosophic linear algebra 
over the complex neutrosophic scmigi'oup S = C ((Z u I)). 



V = 



a. a 7 



tic 



a, e C«Z 
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Let 



eQ,l<i<6 cV, 



P is not a special semigroup linear subalgebra over the 
semigroup S = C ((Z u I)), but P is a semigroup linear algebra 
over the semigroup Z = T. Then P is defined / called as the 
pseudo special semigroup of complex neutrosophic linear 
subalgebra over the pseudo subsemigroup T = Z. 

Infact P is also a pseudo special semigroup complex 
neutrosophic linear subalgebra over the pseudo special 
subsemigroup M = 3Z + u { 0 } . 

Thus we have infinite number of pseudo special semigroup 
complex neutrosophic linear subalgebras over the pseudo 
special subsemigroups N of S. 

Now we can also have pseudo special neutrosophic semigroup 
linear subalgebras over the pseudo neutrosophic subsemigroup 
BofS. 

We will illustrate this situation also by examples. 

Example 1. 76: Let 




V = 




a 2 

a 4 



a t e C«Q ul)),l <i < 4 



be a special complex neutrosophic linear algebra over the 
complex neutrosophic semigroup S = C ((Z u I)) } . 

Take 



W = 




a 2 

a 4 



a ; e «QuI»,l<i<4 



cV 



be the pseudo neutrosophic subsemigroup special complex 
neutrosophic linear subalgebra of V over the pseudo 
neutrosophic subsemigroup B = (Z u I) of S. 
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Now consider 



A = 




a 2 

a 4 



a { e C«ZuI»,l <i <4 



be a pseudo special subsemigroup complex neutrosophic linear 
subalgebra of V over the pseudo neutrosophic subsemigroup 
<3Z u I) of the neutrosophic complex semigroup S. 

Consider 



N = 




a 2 

a 4 



a t e «ZuI»,l<i < 4 



cV, 



N is a pseudo special subsemigroup linear subalgebra of 
neutrosophic complex numbers of V over the neutrosophic 
subsemigroup T = {3ZuIj cS. 



We can have several such examples. The following theorem is 
sufficient to prove these. 



THEOREM 1.11: Let V be a special semigroup neutrosophic 
complex linear algebra over the complex neutrosophic 
semigroup S. 

1. V has pseudo special neutrosophic subsemigroup complex 
neutrosophic linear subalgebras over the pseudo 
neutrosophic subsemigroup of S. 

2. V has pseudo special ordinary subsemigroup complex 
neutrosophic linear subalgebra over the pseudo real 
subsemigroup of S. 



Example 1.77: Let 





a l 


a 2 






V = < 


a 3 


a 4 




a t e C«QuI»,l<i <16 




1 

^P 

^P 

Os 







be a special semigroup complex neutrosophic linear algebra 
over the semigroup S = C ((Q u I)). Clearly dimension of V 
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over S is 16; however if S is replaced by T = C ((Z u I)) c S 
then the dimension of V over T is infinite. 

So we can have special subsemigroup linear algebras to be 
of infinite dimension even when the dimension of the special 
semigroup linear algebra is finite dimension over the semigroup 
S but of infinite dimension over the subsemigroup of S. 

Example 1. 78: Let 




be a special semigroup linear algebra of complex neutrosophic 
number over C ((Q u I)). Dimension of V is one. 

Clearly V has no special semigroup linear subalgebras but 
V has pseudo ordinary special subsemigroup linear subalgebras 
and pseudo neutrosophic special subsemigroup linear 
subalgebras. 

For 

a a 
a a 

M= \ a a aeC«ZuI» c V, 
a a 

a a 

a a 

is a pseudo neutrosophic subsemigroup linear subalgebra over 
the pseudo neutrosophic subsemigroup T = (ZuI)c C((Q u 

I»- 

Likewise 
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is a pseudo ordinary subsemigroup neutrosophic complex linear 
subalgebra over the pseudo ordinary subsemigroup B = ZcS. 

Thus we can say, V is a special semigroup neutrosophic 
complex linear algebra over S to be simple if it has no proper 
special semigroup neutrosophic complex linear subalgebra 
over S. 

Example 1. 79: Let 

a a a 

V=< a a a aeC((QuI)) > 

a a a 

be a special semigroup neutrosophic complex linear algebra 
over the semigroup S = C ((Q u I)). V is simple. However V 
has special subsemigroup complex neutrosophic linear 
subalgebras M over the subsemigroup T = C((Z u I)) c C((Q 
uI)) = S where 

a a a 

M=< a a a aeC«ZuI»> cV. 

a a a 

Also we consider 

Tb b bl 

N = i b b b aeC((3ZuI» cV; 

|_b b bj 

N is a special subsemigroup neutrosophic complex linear 
subalgebra of V over the subsemigroup B = {C «2Z ul»} cS. 
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DEFINITION 1.17: Let V be a ordinary (neutrosophic or 

special) semigroup complex neutrosophic linear algebra over 
the ordinary semigroup S (or neutrosophic semigroup or 
complex neutrosophic semigroup). If on V we can define a 
product and V is compatible with product (V is a semigroup 
with respect to another operation apart from addition) then we 
define V to be a ordinary ( neutrosophic or special) semigroup 
double linear algebra over the ordinary semigroup S (or 
neutrosophic semigroup or neutrosophic complex semigroup ). 

We will illustrate this situation by some simple examples. 

Example 1.80: Let 





1 

s* 

p 

to 


a 3 






V = < 


a 4 a 5 


a 6 




a t e C((QuI»,l<i <9 




1 

P 

P 

00 


V 







be a ordinary semigroup complex neutrosophic linear algebra 
over S = Z. V is clearly a ordinary semigroup complex 
neutrosophic double linear algebra over S where S = Z. 



Example 1.81: Let 

P=|la,x‘ 



a, e C«Q ul» 



be a ordinary semigroup complex neutrosophic double linear 
algebra over the semigroup S = 3Z + u { 0 } . 

We can define substructure, basis, linear operator and linear 
transformation which is just a matter of routine. 



We have the following interesting result. 

THEOREM 1.12: Every ordinary semigroup complex 

neutrosophic double linear algebra over the semigroup S is a 
ordinary semigroup complex neutrosophic linear algebra over S 
but however in general a ordinary semigroup complex 
neutrosophic linear algebra is not a double linear algebra. 
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For the latter part of the proof we give an example. 
Example 1.82: Let 



M = 



a 5 a 6 
a 7 a 8 



a i e C«QuI»;l<i <10 



be an ordinary semigroup complex neutrosophic linear algebra 
over the semigroup S = Z + u { 0 } . Clearly M is not an ordinary 
semigroup complex neutrosophic double linear algebra over S. 



Example 1.83: Let 



V = 




a,eC«QuI» 



be an ordinary semigroup complex neutrosophic double linear 
algebra over the semigroup S = 3Z + u { 0 } . 

Consider 



M = 




a t e C((ZuI» 



cV; 



M is also an ordinary semigroup complex neutrosophic double 
linear subalgebra of V over the semigroup S. 

Take 

) 20 

IX X 

i=0 

P is only a pseudo ordinary semigroup complex neutrosophic 
double linear subalgebra of V over S or ordinary semigroup 
complex neutrosophic pseudo double linear subalgebra of V 
over S for on P product cannot be defined. 

This same concept of double linear algebra can be easily 
extended to the case of special semigroup complex neutrosophic 



a,eC((QuI» c V; 
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linear algebras, complex semigroup complex neutrosophic 
linear algebras and neutrosophic semigroup complex 
neutrosophic linear algebras. The definition is a matter of 
routine so we give only examples of them. 



Example 1.84: Let 

m= jiv 



a, e C«Q ul» 



be a neutrosophic semigroup neutrosophic complex double 
linear algebra over the neutrosophic semigroup S = (Z u I). 

Take 

) ioo 

& x 

i=0 

P is only a neutrosophic semigroup neutrosophic complex linear 
subalgebra which is not a double linear subalgebra of M. We 
call T a neutrosophic semigroup neutrosophic complex pseudo 
double linear subalgebra of M. Thus apart from double linear 
subalgebras we can also have pseudo double linear subalgebras 
of M. 



a, e C«ZuI» f cM; 



Example 1.85: Let 





a l 


a il 






V = < 


a 2 


a i2 




a I eC((Qu!»,l<i<20 




_ a !0 a 20_ 







be a complex semigroup neutrosophic complex semigroup 
neutrosophic complex linear algebra over the complex 
semigroup C (Z) = {a + bi I a, b e Z} = S. 

Clearly V is not a double linear algebra. 



Example 1.86: Let 



S = 



3 ., 



a, e C((Q u I», 1 < i < 4 
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be a complex semigroup complex neutrosophic double linear 
algebra over the complex semigroup T = C (Q) = { a + ib I a, b e 

Q}- 

We see 



X = 




a, be C«QuI» 



cS 



is only a complex semigroup complex neutrosophic pseudo 
double linear subalgebra of S over T. 

For we see if 



in X then 





"0 al 




"0 c' 


A = 


1 

o 

-X 

1 


and B = 


d 0 



"0 


a 


"0 


c 




ad 


0 " 


b 


0 


d 


0 




_0 


be 



Hence X is only a pseudo linear subalgebra of S over T. 
Let 



V = 



a b 
0 c 



a,b,ceC«QuI» cS, 



be again a complex semigroup neutrosophic complex double 
linear subalgebra of S over the semigroup T. 

Let us consider 



fra 0 

|L° b 



a, be C((Q ul» 



cS, 



L is again a complex subsemigroup neutrosophic complex 
double linear subalgebra over the complex subsemigroup C (Z) 
= {a + bila, be Z} c C(Q) = T. 

Now having seen neutrosophic and complex double linear 
algebra we now proceed onto give examples of special 
semigroup neutrosophic complex double linear algebras. 
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Example 1.87: Let 



a i a 2 a 3 

v = < a 4 a 5 a 6 a, e C«QuI»,l<i <9 > 

_a 7 a 8 a 9_ 

be a special complex neutrosophic double linear algebra over 
the neutrosophic complex semigroup S = {C ((Q ul))j. 

Consider 

a i a 2 a 3 

A= 0 a 4 a 5 a i g C«Q u I»,l < i < 6 1 cV, 

° 0 a 6 _ 

A is a special complex neutrosophic double linear subalgebra of 
V over the complex semigroup S = {C«QuI))}. 

Take 

0 0 aj 

B= 0 a 2 0 ai eC«QuI»,l<i<3 c V; 

_a 3 0 0 

B is a special neutrosophic complex pseudo linear subalgebra 
of V over S. 

For if 





"0 


0 


a il 


"0 


0 


b , 


X = 


0 


a 2 


0 and y = 


0 


b 2 


0 




_ a 3 


0 


oj 


_ b 3 


0 


0 





"0 


0 


a i 




"0 


0 


b , 


xy = 


0 


a 2 


0 




0 


b 2 


0 




_a 3 


0 


0 






0 


0 
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a,b 3 0 0 

= 0 a 2 b 2 0 £ B 

0 0 ajb 3 

so B is only a pseudo linear subalgebra of V over S. 

Now consider 

aj 0 0 

L = < a 2 a 3 0 a, e C((QuI»,l<i <6 > c V, 

_a 4 a 5 a 6 _ 

be a special subsemigroup complex neutrosophic double linear 
subalgebra of V over the special subsemigroup T = C ((Z u I)) 
c S; of S. 

Let 

a i a 2 a 3 

P = < a 4 a 5 a 6 a i eC«ZuI)),l<i<9> cV 
a 7 a 8 a 9 _ 

be a pseudo special complex subsemigroup complex 
neutrosophic double linear subalgebra of V over the complex 
subsemigroup N = {(a + ib) I a, b e Z} c S, N a pseudo special 
subsemigroup of S. 

Let 

a i a 2 a 3 

C = < a 4 a 5 a 6 a, e «ZuI»,l <i <9 > c V 
a 7 a 8 a 9 _ 

be a pseudo neutrosophic special subsemigroup of double linear 
subalgebra of V over the neutrosophic subsemigroup E = 
{(Zul)} c S, E is a pseudo neutrosophic special subsemigroup 
of V over S. 

We can define basis, special double linear transformation, 
double operator and so on as in case of usual semigroup linear 
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algebras in case of semigroup neutrosophic complex linear 
algebras. 

This task is also left as an exercise to the reader. 

Now we will proceed onto continue to define and work to group 
neutrosophic complex vector spaces / linear algebras. 

Example 1.88: Let 

a i a 2 a 3 a 4 

V = < a 5 a 6 a 7 a 8 a ; e C«Q ul»,l <i < 12 

_ a 9 a i0 a il a i2 _ 

be a group complex neutrosophic linear algebra over the group 
S = Z. 

Let 

a i a 2 a 3 a 4 

M = < a 5 a 6 a 7 a 8 a, e C«ZuI)),l <i < 12 > c V 
a 9 a 10 a u a 12 _ 

be a pseudo semigroup complex neutrosophic linear subalgebra 
of V over the semigroup T = Z + u { 0 } c Z. 

That is T is a Smarandache special definite group as it has a 
proper set which is a semigroup. We define a group 
neutrosophic complex linear algebra V to be a group 
neutrosophic complex double linear algebra if V is endowed 
with another operation product. 

We will illustrate this situation by some examples. 

Example 1.89: Let 

a i a 2 a 3 

M=< a 4 a 5 a 6 a, e C«QuI)),l<i <9 
a 7 a 8 a 9 _ 
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be a group neutrosophic complex double linear algebra over the 
group G = Q. We can find substructures of M. Clearly M is 
also compatible with respect to matrix multiplication. 

Example 1.90: Let 

a i a 2 a 3 a 4 
etc dif- clo 

V= 5 6 a, e C«QuI)),l<i <16 > 

a 9 a i0 a il a i2 
_ a i3 a i4 a i5 a i6 _ 

be a group neutrosophic complex double linear algebra over the 
group G = Q. 

Consider 

a i a 2 a 3 a 4 
dif- d.-, clo 

M=j 5 6 7 8 a i eC«ZuI»,l<i<16 ► 

a 9 a i0 a il a i2 

a i 3 a 14 a 15 a 16 _ 

c V, M is a subgroup neutrosophic complex double linear 
subalgebra of V over the subgroup H = Z c Q = G. 

Take 

fa, 0 0 Ol 

0 a, 0 0 

N = s 2 A a i 6C«QuI)),l<i<4 cV, 

0 0 a 3 0 

[o 0 0 a 4 J 

be a group neutrosophic complex double linear subalgebra of V 
over the group G = Q. 
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Let 



L = 



a i a 2 

L 



0 0 



a, a 4 0 0 



0 0 0 0 
0 0 0 0 



a, e C«QuI)),l <i < 4 



cV, 



L is also a group neutrosophic complex double linear subalgebra 
of V over the group G = Q. 

Let 



0 0 aj a 2 



A = 



0 0 
0 0 



0 

0 



0 

0 



a, g C((QuI»,l <i < 4 



c V 



be a group complex neutrosophic linear subalgebra of V, infact 
a double linear subalgebra of V over G. 

For if 





"0 


0 


a 


b” 




"0 


0 


e 


f" 






0 


0 


c 


d 




0 


0 


g 


h 




X = 










and y = 








E A 




0 


0 


0 


0 




0 


0 


0 


0 






0 


0 


0 


0 




0 


0 


0 


0 





then 



"0 


0 


a 


b 




"0 


0 


e 


f" 




"0 


0 


0 


0" 


0 


0 


c 


d 


X 


0 


0 


g 


h 




0 


0 


0 


0 


’ 0 


0 


0 


0 




0 


0 


0 


0 




0 


0 


0 


0 


0 


0 


0 


0 




0 


0 


0 


0 




0 


0 


0 


0 



Thus A is a group complex neutrosophic double linear 
subalgebra of V over G. 
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Let 



C = 



0 

0 



0 

0 



0 aj 
0 



a 3 0 0 

0 0 0 



a, e C((Q u I», 1 < i < 4 



c V 



be group neutrosophic complex pseudo double linear subalgebra 
of V over the group G. For if 



"0 


0 


0 


a l 




"0 


0 


0 


b , 


0 


0 


a 2 


0 




0 


0 


b^ 


0 






z 




and y = 






Z 




0 


a 3 


0 


0 




0 


b 3 


0 


0 


_ a 4 


0 


0 


0 




■'t 

X 

1 


0 


0 


0 



are in C. 

Now consider the product 



1 

O 


0 


0 






1 

o 


0 


0 


1 

xT 


0 


0 


a 2 


0 




0 


0 


b 2 


0 


0 


a 3 


0 


0 




0 


b 3 


0 


0 


1 

p 


0 


0 


0 




•"t 

X 

1 


0 


0 


0 



a t b 4 0 0 0 

0 a 2 b 3 0 0 

0 0 a 3 b 2 0 

0 0 0 a 4 b. 



So C c V is not a double linear subalgebra, hence C is only 
a group complex neutrosophic pseudo double linear subalgebra 
of V over G. 

Now having seen examples of them we can proceed on to 
define basis, linear operator, linear transformation, direct sum, 
pseudo direct sum as in case of semigroup neutrosophic 
complex double linear algebras. This task is left as an exercise 
to the reader. 
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We can define fuzzy neutrosophic complex groups, 
semigroups etc in two ways. For if we want to induct complex 
fuzzy number we see -1 = i 2 so if product is to be defined we 
need to induct i 2 = -1 but if we wish to work only with min max 
then we do in the following way. 

Let C (([0,1] u [0,1])) = [a + bi + cl + idl where a, b, c, d e 
[0, 1]}, we define C (([0,1] u [0,1])) to be the fuzzy complex 
neutrosophic numbers. 

We define max or min operation on C (([0,1] u [0,1])) as 
follows: 

If x = a + bi + cl + idl and y = m + ni + tl + isl are in C 
(([0,1] u [0,1])); 
then 

min (x, y) = min (a+bi+cl+idl, m+ni+tl+isl) 

= min (a, m) + min (bi, ni) + min (cl, tl) + 
min(idl, isl). 

It is easily verified min (x, y) is again in C (([0,1] u [0,1])). 
Consider x = 0.7 + 0.6 li + 0.231 + i(0.08)I and y = 0.9 + 0.23i + 
0.1931 + i (0.7)1 in C (([0,1] u [0,1])). 

Now min [x, y] = min [0.7 + 0.61i + 0.231 + i (0.08)1, 0.9 + 
0.23i + 0.1931 + 1 (0.7)1} 

= min [0.7, 0.9} + min [0.61i, 0.23i] + min [0.231, 0.1931} 
+ min [i(0.08)I, I (0.7)1} 

= 0.7 + 0.23i + 0.231 + i (0.08)1. 

Thus [C (([0,1] u [0,1])), min] is a semigroup. Likewise 
we can define the operation of max on C (([0,1] u [0,1])) and 
[C (([0,1] u [0,1])) max] is also a semigroup. These semigroups 
will be known as fuzzy neutrosophic complex semigroup. 

Now we define special fuzzy complex neutrosophic group, 
semigroup and ring as follows: 

DEFINITION 1.18: Let V be a ordinary semigroup neutrosophic 
complex vector space over the semigroup S. Let 1] be a map 
from V into C ({[0,1] u [0,1])) such that (V, l j) is a fuzzy 
semigroup neutrosophic complex vector space or semigroup 
neutrosophic complex fuzzy vector space [ ]. 
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Likewise one can define for neutrosophic semigroup 
neutrosophic complex vector space, complex semigroup 
neutrosophic complex vector space, special semigroup 
neutrosophic complex vector space over the neutrosophic 
semigroup, complex semigroup and complex neutrosophic 
semigroup respectively the fuzzy analogue. Further we can 
define for set complex neutrosophic vector space and group 
complex neutrosophic vector space over a set and group 
respectively also the fuzzy analogue. 

Thus defining these fuzzy notions is a matter of routine and 
hence left as an exercise to the reader. 

We give examples of these situations. 

Example 1.91: Let 





a i a 2 a 3 






V = < 


a 4 a 5 a 6 




a i eC«ZuI)),l<i<9 




a 7 a 8 a 9 _ 







be a semigroup complex neutrosophic linear algebra over the 
semigroup S = Z. 

Let T| : V — > C «[0,1] u [0,I]» 



¥ 



a i 

a 4 

a 7 



a 2 

a 5 

a 8 



a 3 




a i 



a t + 0 if 
a ; eZ 
if a t e C(Z) 
a i 3*0 

if a i e(ZuI) 



il 

a , 



if a i eC«ZuI» 
a t ^0 



If a; = 0 then 1 . If every a, = 0 then 
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n\ 



(0 0 0 ^ 
0 0 0 
v 0 0 0 



= 1. 



r| (A + B) > min (r| (x), r| (y)) 

where 







a 2 


a 3^ 




f b ‘ 


b 2 


b 3 ^ 


A = 


a 4 


a 5 


a 6 


and B = 


b 4 


b 5 


b 6 




V a 7 


a 8 


a 9 J 




V b 7 


b 8 


b 9. 



for every A, B e V and r| (rx) > r| (x), reZ. 

Example 1.92: Let 







a i 






V = < 


2>\ 


a 2 


, a io) 


a 1 eC«QuI)),0<i<10 




i=0 


a 3 










_ a 4_ 







be a set complex neutrosophic vector space over the set S = 3Z 
u2Zu 5Z. 

Define T| : V ^ C (<[0.1] u [0,I]» 



1 

a , 

1 

i 



0 (aO = \ 



a . 

I 



il 

a i 



if a t ^0 
if a, =0 

if ^ 0 is complex 
if Ia t -£■ 0 is neutrosophic 
if ila^ 
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with this stipulation (V, T|) is a set fuzzy complex neutrosophic 
vector space over Z. 

Our main criteria is to built the map T| such that T| (i) = i, 
T| (I) = I and t| (il) = il with this ordinary mapping T| : V — > 
C «[0,1] u [0,1])) we get the fuzzy complex neutrosophic 
structures. 



Now other way of defining fuzzy structures of complex 
neutrosophic elements is as follows. 

DEFINITION 1.19 : Let V = f(x h ..., x n ) I x, e C (([ 0, 1] u [0, 
I])), 1 <i <nj; V is a fuzzy complex neutrosophic semigroup 
with min (or max) function. 

‘or’ used in the mutually exclusive sense. 

Example 1.93: Let V = {(xi, x 2 , x 3 ) I X; e C (<[0.1] u [0,1])); 
1 < i < 3 } , V is a fuzzy complex neutrosophic semigroup under 
max. 



Example 1.94: Let 



x i 




XiG C (<[0.1] u [0,1])); 1 < i < 10} 



x io 



be a fuzzy complex neutrosophic semigi'oup under min function. 

Example 1.95: Let M = [all 10 x 3 fuzzy neutrosophic 

complex matrices with entries from C «[0,1] u [0,1]))}. M 
under max (or min) is a semigroup. 

For if 





a l 


a 2 


a 3 




"b, 


b 2 


b 3 


X = 


a 4 


a 5 


a 6 


and Y = 


b 4 

. 


b 5 


b 6 




_ a 28 


a 29 


a 30_ 




oo 

(N 

X) 

1 


b 29 


b 30 _ 



be in M, 
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f 


a i 


a 2 


a 3 




b , 


b 2 


b 3 


\ 


min (X, Y) - min 




a 4 


a 5 


a 6 


5 


b . 4 

* 


b s 


b 6 








_ a 28 


a 29 


a 30_ 




oo 

(N 

X) 


b 29 


b 30 _ 


/ 



min{aj,bj} min{a 2 ,b 2 } min{a 3 ,b 3 } 
min{a 4 ,b 4 } min{a 5 ,b 5 } min{a 6 ,b 6 } 

min{a 28 ,b 28 } min{a 29 ,b 29 } min{a 30 ,b 30 } 



(If min is replaced by max still we get a semigroup). 
Example 1.96: Let 



V = 



a i a 2 a 3 

a 4 a 5 a 6 

So <1q 



a, e C(([0,l]u[0,I]));l <i <9 



V is a semigroup under max (or min). 

Now we can define only set semivector space over the set S. 

DEFINITION 1.20: Let V be a set of fuzzy complex neutrosophic 
elements. S = (0, 1 j be a set; V is a set semivector space over 
the set S if 

i) For v e V and s e S we have vs = sv e V. 

ii) 0.v = 0eV. 
l.v = v e V, 

we define V to be a fuzzy neutrosophic complex semivector 
space over the set S. 

We will give examples of set fuzzy neutrosophic complex 
semi vector space over the set S. 
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Example 1.97: Let V = {(xi, x 2 , x 3 , x 4 ), 









X 1 




X 1 


X 2 


X 3 




X 2 


6 


X 4 


X 5 


X 6 


9 


X 3 


. Z a > x ‘ 


_ X 7 


X 8 


X 9 _ 




X 4 


i=0 








_ X 5 _ 





Xi, aj e C (([0,1] u [0,I]», 



1 < i < 9; 0 < j < 6} be a set of fuzzy neutrosophic complex 
elements. V is a set fuzzy neutrosophic complex semi vector 
space over the set S = { 0, 1 } . 

Example 1.98: Let V = {(x b x 2 , x 9 ), 



x i 


X 2 




a i 


a 2 


a 3 


a 4 


X 3 


X 4 




a 5 


a 6 


a v 


a 8 






•> 


a 9 


a io 


a n 


a i2 


_ X 19 


X 20 _ 




_ a i3 


a i4 


a i5 


a i6 


VI 

VI 


20; 


1 


^ j 


< 16} be 


a se 



xi, ajtC (([0,1] u [0,I]», 



semivector space over the set S ={0, 1 }. 



Example 1.99: Let 







a i 


a 2 


a 3 


a 4 


a 5 


V = < 




a 6 


a 7 


a 8 


a 9 


a io 






_ a 56 


a 57 


a 58 


a 59 


a 60_ 



where a ; e C (([0,1] u [0,1])), 1 < i < 60} be semigroup under 
max operation V is a set fuzzy complex neutrosophic semilinear 
algebra over the set S = { 0, 1 } . 
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Example 1.100: Let 







a i 


a 2 


a 3 


a 4 


M = < 




a 5 


a 6 


a 7 


a 8 






_ a 77 


a 78 


a 79 


a 80_ 



I a; e C(([0,1] u [0,1])), 1 < i < 80} be a set fuzzy neutrosophic 
complex semi linear algebra over the set X = { 0, 1 } . 

Now we can define substructures, basis, linear transformation 
and linear operator for these set fuzzy complex neutrosophic 
semi vector spaces / semilinear algebras over the set S. 

This task is left as an exercise to the reader. 

DEFINITION 1.21: Let V be a set with elements from C (([0,1] 
U [0,1])) and S be a semigroup with min or max or product. We 
define V to be a semigroup fuzzy neutrosophic complex 
semivector space over S if the following conditions hold good; 

i) s.v e V for all v e V and s e S. 

ii ) O.v = 0 e V for all v £ V and 0 e S. 

Example 1.101: Let 









a l 






V = < 


&1 3-2 


, (clj ,a 2 ,..., 3g ), 


a 2 




a iG C(([0,l]u[0,I])); 




a 3 a 4 _ 






1 < i < 20 








_ a 20_ 







be a semigroup fuzzy complex neutrosophic semivector space 
over the semigroup S = { 0, 1 } under multiplication. 

Results in this direction can be got without any difficulty. 
Thus one can define structures on C (([0,1] u [0,1])) but the 
scope is limited. However if we consider a map r| : V — > 
C (([0,1] u [0,1])) we can have almost define all algebraic fuzzy 
neutrosophic complex structures without any difficulty. 
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Chapter Two 



Finite Complex Numbers 



We know i is a complex number where i 2 = -1 or yf—i = i 
where -1 is from the set of reals. However here we define finite 
complex numbers in modulo integers which are in a finite set 
up. Through out this book Z n will denote the set of modulo 
integers {0, 1, 2, ..., n-1 } and -1 is (n-1), -2 = (n-2) and so on. 
Thus we use the fact -1 = n-1 to define the finite complex 
modulo numbers. 

DEFINITION 2.1: Let C (Z n ) = {a + bi F \ a, b e Z„, i F is the finite 
complex modulo number such that i 2 F = n-1, n < °°} we define 
i F as the finite complex modulo number. C (Z n ) is the finite 
complex modulo integer numbers. 

It is interesting to note that since finite values in Z n are 
dependent on n so also the finite complex number is also 
dependent on Z n for every n. 

We give examples of them. 

Example 2.1: Let C (Z 2 ) = { i F , 1, 0, 1 + i F }. We see i 2 = -1 = 
2-1 = 1. Also (i F + l) 2 = 1 + i 2 + 2i F = 1+1 = 0. C(Z 2 ) is a ring. 
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Example 2.2: Let C (Z 3 ) = {a + bi F I a, b e Z 3 } = {0, 1 , i F , 2, 2i F , 
1 + i F , 2+i F , 2 + 2i F I ip = —1 = 3 — 1=2} (2i F ) 2 = -4 = -1 = 2 



(i F + l) 2 


= 


1 + ip + 2i F 




= 


1 + 2 + 2i F = 2i F (mod 3). 


(1 + 2i F ) 2 


= 


1 + (2i F ) 2 + 22i F (mod 3) 




= 


1 + 2 + i F (mod 3) 




= 


i F (mod 3). 


(2 + i F ) 2 


= 


4 + (i F ) 2 + 4ip (mod 3) 




= 


4 + 2 + i F 




= 


i F (mod 3). 


(2i F + 2) 2 


= 


4 + 8ip + (2ip) 2 (mod 3) 




= 


1 + 2ip + 2 (mod 3) 




= 


2ip (mod 3). 



We give the tables associated with C(Z 2 ) and C(Z 3 ). 



Multiplication table C(Z 2 ). 



X 


0 


1 


If 


1+ip 


0 


0 


0 


0 


0 


1 


0 


1 


If 


1+ip 


If 


0 


If 


i 


ip+1 


1 + ip 


0 


i F + 1 


i F + 1 


0 



Table for C(Z 3 ) 



X 


0 


1 


2 


iF 


2ip 


1+ ip 


2+ ip 


1 +2ip 


2+2ip 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


1 


0 


1 


2 


iF 


2ip 


ip+1 


2+ip 


1 +2ip 


2+2ip 


2 


0 


2 


1 


2ip 


iF 


2+2ip 


l+2ip 


2+ip 


ip+1 


iF 


0 


iF 


2ip 


2 


i 


ip+2 


2ip+2 


ip+1 


2ip+l 


2ip 


0 


2ip 


iF 


1 


2 


2ip+l 


ip+1 


2ip+2 


ip+2 


1+ip 


0 


1+ip 


2+2ip 


ip+2 


2ip+l 


2ip 


i 


2 


iF 


2+ip 


0 


2+ip 


l+2ip 


2ip+2 


ip+1 


i 


iF 


2ip 


2 


1 +2ip 


0 


l+2ip 


2+ip 


ip+1 


2ip+2 


2 


2ip 


iF 


1 


2+2ip 


0 


2+2ip 


1+ip 


2ip+l 


ip+2 


iF 


2 


i 


2ip 



We see C(Z 2 ) is a ring with zero divisor of characteristic two 
where as C(Z 3 ) is a field of characteristic three and o(C(Z 3 )) - 9. 
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Example 2.3: Let C(Z 4 ) = {a + bi F I a, b e Z 4 } = {0, 1, 2, 3, i F , 
2i F , 3 i }. 1+ i F , 2+ ip, 3+ip, l+2i F , l+3i F , 2ip+2, 2ip+3, 3ip+2, 
3i F +3 } is a complex ring of order 16. 

Example 2.4: C(Z 5 ) = {a + bi F I a, b e Z 5 } = {0, 1, 2, 3, 4, i F , 
2i F , 3i F , 4i F , ..., 4 + 4i F } is only a finite complex ring for (1 + 
2i F ) (2 + i F ) = 0 is a zero divisor in C(Z 5 ). 

Example 2.5: Consider C(Z 7 ) = {a + bi F I a, b e Z 7 } be the finite 
complex ring C(Z 7 ) is a field. For take (a + bi F ) (c + di F ) = 0 
where a + bi F , c + di F e C(Z 7 ) with a, b, c, d e Z 7 \ {0}. 

(a + bi F ) (c + dip) = 0 implies 

ac + 6bd = 0 (1) 

ad + be = 0 (2) 

(1) x a + (2) x b gives 

a 2 c + 6bda = 0 
b 2 c + bda = 0 

c 2 (a 2 + b 2 ) = 0c*0 

this forces a 2 + b 2 = 0 in Z 7 . But for no a and b in Z 7 \ (0) we 
have a 2 + b 2 = 0 so C(Z 7 ) is a finite complex field of 
characteristic seven. 

We see C(Zn) is again a finite complex field of 
characteristic eleven C(Zi 3 ) is not finite complex field only a 
ring for 9 + 4i F and 4 + 9i F in C (Zi 3 ) is such that (9 + 4i F ) (3 + 
9ip) - 0. 



In view of all these we have the following theorem which 
gurantees when C (Z p ) is not a field. 

THEOREM 2.1: Let C(Z P ) be the finite complex number ring. 
C(Z P ) is not afield if and only if there exists a, b e Z p \ {0} with 
a 2 + b 2 =p or a 2 + b 2 =0 (mod p) where p is a prime. 

Proof: Let C(Z P ) = ja + bi F I a, b e Z p , i 2 = p - 1 }. To show 
C(Z P ) is not a field it is enough if we show C(Z P ) has zero 
divisors. Suppose C(Z P ) has zero divisors say a + bi F and c + di F 
in C(Z P ) (a, b, c, d e Z p \ {0}) is such that (a + bi F ) (c+di F ) = 0, 
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then ac + bdi 2 + (ad + be) i F = 0 that is ac + (p— 1 ) bd + (ad + 
be) i F = 0 this forces 

ac + (p - l)bd = 0 (i) 

and be + ad =0 (ii) 

(i) x a + (ii) b gives 

a 2 c + (p-1) bad = 0 + 

b 2 c + bad = 0 

(since a, b, c, d are in Z p \ {0} and p is a prime, no item is zero) 
gives a c + b~c = 0 that is 

c (a 2 + b 2 ) = 0 as c e Z p \ { 0 } 
and c" 1 exists as p is a prime. 

We see c (a 2 + b 2 ) = 0 is possible only if a 2 + b 2 s 0. 
Conversely if a 2 + b 2 = 0 than we have 
(a + bi F ) (b+ai F ) = 0 

for consider, 

(a + bi F ) (b + ai F ) = ab + (p-l)ab + (a 2 +b 2 ) i F 
pab + (a 2 +b 2 )i F = 0 (mod p) 

as a, b e Z p and given a 2 + b 2 = 0. Thus C (Z p ) has zero divisors 
hence C (Z p ) is a ring and not a field. 

THEOREM 2.2: Let C(Z P ) be the commutative finite complex 
ring, p a prime, C(Z P ) is afield if and only if Z p has no two 
distinct elements a and b different from zero such that a 2 + b 2 = 

0 (mod p). 

Proof: Follows from the fact that if C(Z P ) has no zero divisors it 
is a commutative integral domain which is finite hence is a field 
by [ ]. 

Now we will derive other properties related with these finite 
complex rings / fields. Let C(Z) = {a + bi I a, b e Z} be the 
collection of complex numbers. 

Clearly C(Z) is a ring. 

Consider the ideal generated by 2 + 2i, denote it by I. 

= {I, 1 +1, i + I, 1+i + I} 

where (l+i) 2 + l = 2 + 2i + l = Ias here i 2 = 1 (mod 2) and 

1 + 1=0 mod 2 . 
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C(Z) 

Now we denote it by i F and — - — = C(Z 2 ). Consider 3 + 31 e 
C(Z). Let J be the ideal generated by 3 + 31. 



C(Z) 

J = <3 + 31) 



{J, 1 + J, 2 + J, i + J, 2i + J, i 4- 1 4- I, 2 + i + J, 
2i 4- 1 + J, 2 + 2i + J}. 



Here also 2+1=0 (mod 3) and 2i + 1 = 0 (mod 3) further i 2 
= -1=2. We use i for i F for one can understand from the fact i 2 
= n - 1 . So we can say 



C(Z) 



= C(Z 3 ) 



where i 2 = 2. Thus we get a relation between 



C(Z n ) and 

J = (n + m 

We have in C(Z n ) zero divisors, idempotents, nilpotent 
everything depending on n. 

We call C(Z P ) when C (Z p ) is a field as the complex Galois 
field to honour Galois. However for every prime p, C(Z P ) need 
not in general be a complex Galois field. Here we give some 
properties about C(Z P ), p a prime or otherwise. 

Consider 

x = a + bi F e C(Z P ) 

then x = a + (n - l)i F b e C(Z P ) 

is defined as the conjugate of x and vice versa. We see 



x. x = (a + i F b) (a + (n - l)i F b) 

= a 2 + i F ab + (n - l)i F ab + (n - l)b 2 i 2 
= a 2 + 0 + (n - l) 2 b 2 
= a 2 + b 2 . 



Recall if a 2 + b 2 = 0 (mod n) then C(Z n ) has a nontrivial zero 
divisor. We can add and multiply finite complex number using 
i 2 = (n - 1) if elements are from C(Z n ). 
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Thus if x = a + i F b and y = c + i F d are in C(Z n ) then 
x + y = (a + i F b) + (c + ipd) 

= (a + c) modn + i F (b + d) mod n. 

Likewise 

x.y = (a + i F b) (c + ipd) 

= ac + i F be + i F da + ip bd 

= ac + i F be + i F da + (n - l)bd 

= (ac + (n-l)bd) (mod n) + i F (be + da) (mod n). 

The operation + and x are commutative and associative. 

It is important to note they are modulo n integers and they 
are not orderable (n > 2) we can have for a + ib = x, x 1 exist or 
need not exist in C(Z n ). For in C(Z 2 ) we see x = 1 + i F e C(Z 2 ) 
and x 1 does not exist as (1 + i F ) 2 = 0 (mod 2) 

Consider x = 3 + ip4 in C(Z 7 ) we have y = 6 + i F 6 in C(Z 7 ) 
such that xy = 1 . 

Consider xy = (3+ip4) (6+i F 6) 

= 18 + i 2 24 + i F 18 + 24i F 

— 4+3i F + 4i F + 6x3 
= 4 + 7i F + 4 
= 8 + 7i F 

= 1 (mod 7) as 7i F = 0 mod 7 and 8 = 1 
mod 7. 

Other properties of usual complex numbers are not true in 
case of finite complex modulo numbers. 

We can give a graphical representation of complex modulo 
integers in 3 layers. The inner most layer consists of real 
modulo integers makes as in the figure. 

The outer layer consists of complex modulo numbers, 
where as the outer most layer is the mixed complex modulo 
integer we represent the graph or diagram for C (Z 2 ) 

1+i 




0 
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The diagram for C (Z 3 ) 




The diagram for C (Z 4 ) 




o(C(Z 4 )) = 16 and is a ring we can draw for any C(Z n ); n > 2. 

We cannot do any plane geometry using these finite 
complex modulo integers but we can get several algebraic 
results on C(Z n ); n > 2. 

Our main motivation to introduce these concepts is to 
introduce finite neutrosophic complex modulo number / 
integers. 

Just before we proceed to define these concepts, we define 
substructures in C(Z n ); n > 2. 

DEFINITION 2.2: Let C (Z n ) be the ring of finite complex 
modulo integer / numbers. Let H C" C(Z n ) (n >2) if H itself is a 
ring under the operations of C(Z n ). We call H a subring of finite 
complex modulo integers C(Z„). 

We give some examples of them. 
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Example 2.6: Let C(Z 2 ) be the ring of finite complex modulo 
integers C(Z 2 ) = {a + bi F I a, b e Z 2 } P = {0, l+i F I i£= 1 } c 
C(Z 2 ) is a subring of C(Z 2 ). 

Example 2.7: Let C(Z 3 ) = {a + bi F I a, b e Z 3 }, be the ring. 
P = { 1, 2, 0} c C(Z 3 ) is a subring of C(Z 3 ; P = Z 3 ) is the ring of 
modulo integers three. We see i 2 = 2, so we cannot find a 
subring in C(Z 3 ). 

It is pertinent to mention here that for 2 e Z 2 is zero 2 e Z 3 
is such that 2 2 = 1, 2 e Z 4 is such that 2 2 = 0, 2 e Z 5 is such that 
2 3 = 1 (mod 7) and so on. 

Likewise i F is finite, i F = 1 (mod 2) , (i F ) 2 = 2 (mod 3), (i F ) 2 
= 3(mod 4) and so on (i F ) 2 = (n - 1) (mod n). 



Example 2.8: Let C(Z 6 ) = {a + bi F I a, b e Z 6 , ip 
C(Z 6 ); 



(3 + 3i F ) 2 



9 + 9ip + 2.3 2 i F 
3 + 9x5 
3+3x5 = 3+3 
0 (mod 6). 



— 5}, 3 + 3i F e 



For 1 + i F e C(Z 6 ) we have 

(l+i F ) — 1 + 2i F + ip = 1 + 2i F + 5 — 2i F . 



We have an interesting theorem. 

THEOREM 2.3: Let C (Z 2; J be the finite complex ring, p a prime 
p > 2. C (Z 2p ) is a ring and (l+i F f = 2i F . 

Proof: Consider (l+i F ) 2 = l+2i F + i 2 = 1 + 2i F + 2p-l = 2i F as 

2p = 0. 

Now to show C (Z 2p ) is a ring it is enough if we prove the 
existence of a zero divisor. Take p + pi F in C (Z 2p ), 

(p + i F p) 2 = p~(l+i F ) 2 

- p 2 (2i F ) = 2p 2 . i F 
= 2p (pi F ) = 0 (mod 2p). 

Thus C (Z 2p ) has zero divisors, hence C (Z 2p ) is a ring. 
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COROLLARY 2.1: Let C (Z n ) be any complex finite ring I field. If 
x = l+i F e C (Z n ) then x 2 = 2i F . 

Proof: Consider 1 + i F = x e C (Z n ), now 

(1 + i F ) — 2 + ip + 2i F — 1 + n — 1 + 2i F 

= 2i F (mod n). 

Hence the claim. 

It is infact a difficult task to find subrings and ideals in 
C(Z n ) where o(C(Z n )) = n 2 . 

Example 2.9: Let C(Z 4 ) be the finite complex ring. I = {0, 2 + 
2i F } c C(Z 4 ) is an ideal of C(Z 4 ). P = {0, 1, 2, 3} c C(Z 4 ) is 
only a subring of C (Z 4 ) and not an ideal. We see S = {0, i F , 2i F , 
3i F } c C (Z 4 ) S is not even a subring only a set under 
multiplication as i 2 = 3. 

So in general we cannot get any nice algebraic structure 
using {0. i F , 2i F , 3 i F } = S; S can only be a group under addition 
and not even a semigroup under multiplication. 

THEOREM 2.4: Let C (Z n ) be the ring, Z„ czC (Z„) is a subring 
of C (Z„) and not an ideal of C (Z n ). 

Proof is direct and hence left as an exercise to the reader. 

THEOREM 2.5: Let C (Z 2 p) be the ring. P = {0, p + pi F } c 
C (Z 2p ) is the ideal of C (Z 2p ), p a prime. 

Proof: Let C (Z 2p ) be the given ring, p a prime. Consider S = {0, 
p + pi F } cC (Z 2p ). Clearly S under addition is an abelian group. 
Now 

(p + pip) (a + b i F ) = ap + ap i F + pb i F + pb (i F ) 2 
= ap + (ap + pb) i F + (p - 1) pb 
= p (a + (p - l)b) + p (a + b) i F . 

= p + p i F (mod 2p) 

(using simple number theoretic techniques). 

Example 2.10: Let C(Z 26 ) = R be a complex ring of modulo 
integers. C(Z 26 ) = {a + i F b I a, b e Z 26 }. Consider P = {0, 13 + 
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13i F } c R; to show P is an ideal of R. (P, +) is an additive 
abelian group. To show (P, x) is a semigroup (13 + 13 i F ). 0 = 0, 
(13 +13 i F ) (13 + 13i F ) = 13 2 + 2. 13. 13i + 132 . i 2 (i 2 =25) 

= 13 2 + 13 2 . (25) 

= 13 2 (1+25) 

= 13 2 .26 (mod 26) = 0. 

Thus (P, +, x) is a ring. Consider (a + bi F ) P; a, b e Z 2 6, if 
a = 3 and b = 5 both a and b odd in Z 2 6, then 
(3 + 5i F ) (13+13i F ) =3x13 + 5.13i F + 3. 13i +5. 13 i 2 (mod 26) 
= 39+ 104 i F + 1625 (mod 26) 

= 1664+ 104 i F (mod 26) 

= 0 + 0i F (mod 26) e P. 

Now take a = 5 odd and b = 8 even, a + i F b = 5 + 8i F in R 
(5 + 8i F ) (13 + 13i F ) 

= 65 + 8 x 13ip + 13 ip.5 + 8.13 x 25 (mod 26) 

= 65 + 65 i F (mod 26) 

= 13 + 13ip (mod 26) 

Hence 13 + 13i F is in P. Hence the claim. 



Example 2.11: Let R = C (Zn) be a complex modulo integer 
ring with i 2 = 10. Consider 5 + 5i F in R. 

(5+5ip) 2 = 25 + 2.5 2 .i F + 5 2 . i 2 (mod 1 1) 

— 3 + 6i F + 8 = 6i F . 

It is interesting to see (a + ai F ) 2 is always a bi F only an 
imaginary or a complex modulo number further (6 + 6i F ) 2 = 6i F . 



We have a nice interesting number theoretic result. 



THEOREM 2 . 6 : Let R = C(Z P ), p a prime be the ring of complex 
modulo integers i] — p — 1, then 



(i) (a + ai F )~ = bi F , b, a e Z p and 



mi i 







/ 


{ 2 ) 



( P + 1 )i F 



The proof uses only simple number theoretic techniques hence 
left as an exercise to the reader. 
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Example 2.12: Let S = C(Z 2 o) = {a + i F b I a, b e Z 2 o} be a 
complex ring of modulo integers. 

Consider 

x = 8 + 12i F e S, x 2 = (8 + 12i F ) 2 

= 8 2 + 144 x 19 + 2 x 8 x 12i F (mod 20) 

= 4+ 16+ 12i F (mod20) 

= 12i F (mod 20). 

Thus if x = a + (20 - a) i F e C (Z 20 ); then x 2 = (a + (20 - a)i F ) 2 = 
a 2 + (20 - a) 2 x 19 + 2a (20 - a)i F (mod 20) 

= a 2 + a 2 x 19 + (2 x 20a - 2a 2 ) i F (mod 20) 

= a 2 (1 + 19) + ci F (mod 20) 

= 0 + ci F (mod 20); c e Z 20 . 

Inview of this example we have an interesting result. 

THEOREM 2.7: Let S = C (Z„) be a complex ring of modulo 
integers x = a + (n-a)i F e C (Z„) then x - bi F for some b eZ n , 
i^ — n — 1. 

Simple number theoretic method yields the solution. 

Example 2.13: Let C (Z 12 ) = S be a modulo integer ring. 
Consider x = (6 + 6i F ) in S, x 2 = 0 is a zero divisor in S. Take y 
= 3i F + 9 e S, y 2 = 9 x 1 1 + 81 +2.3.9i F = 99 + 81 + 54i F (mod 
12) = 6i F . a = 4+8i F in S. 
a 2 = 16 + 64 x 1 1 + 2.4.8 i F = 4i F in S. 

If we consider b = 2+6i F in S, b 2 = (2+6i F ) 2 = 4 + 36x11 + 
2.2.6i F = 4 for 2.6 e Z J2 is such that 2.6 = 0. If n = 3+8i F then n 2 
= (3 + 8i F ) 2 = 9 + 64 x 1 1 + 2.3.8 i F = 5. 

Thus we see every x = a + bi F in S for which a.b = 0 mod 12 
is such that x 2 e Z [2 is a real value. 

THEOREM 2.8: Let R = C (Z n ) be a ring of complex modulo 
integers (n not a prime). Every x = a + bi F in which a.b = 0 
(mod n) gives x 2 to be a real value. 

Proof follows from simple number theoretic techniques. We see 
this ring S = C(Z n ) has zero divisors, units and idempotents 
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when n is not a prime. Now we can use these rings and build 
polynomial rings and matrix rings. We will give examples of 
them. Let S = C(Z n ) be a complex modulo integer ring. 

S[x] = [C(Z n )][x] is a polynomial ring with complex modulo 
integer coefficients. 

For we see if 



S[x] = C(Z 3 )[x]= f>,x‘ 

L i=0 

where a; = m; + n, i F ; m,, n, e Z 3 } we see S[x] is a commutative 
ring of infinite order but of characteristic three. 

If p(x) = (2 + i F ) + (1 + 2i F ) x + (2 + 2 i F )x 7 

and q(x) = i F + (2 + i F )x 3 + 2x 6 

are in S [x], 

p(x) q(x) = [(2 + i F ) + (1 + 2i F )x + (2 + 2 i F ) x 7 ] [i F + (2 + 

i F )x 3 + 2x 6 ] 

— (2 + i F )i F + (2i F + l)i F x + (2 + 2i F )i F x + (2 + 

i F ) 2 x 3 + (l+2ip) (2+ip)x 4 + (2+2 i F ) (2+ i F ) x 10 + 
(2+2i F )2x 13 + (2+i F )2x 6 + (l+2i F ) 2x 7 
= (2ip+2) + (1 + i F )x +(1 + 2i F )x 7 + (1 + 2 + 4i F )x 3 

+ (2 + i F + 1 + i F )x 4 + (1 + i F + 2i F + l)x 10 + 

(1 + i F )x 13 + (1 + 2i F )x 6 + (2 + i F )x 7 
= (2 + 2i F ) + (1+ i F )x + i F x 3 + 2 i F x 4 + 2x 10 + (1 + 

i F )x 13 + (1 + 2i F )x 6 + (2 + i F )x 7 . 

This is the way the product of two polynomials is 
performed. 

) 90 

^a^ 1 a; e C (Z 8 ) = 

i=0 

{x + i F y I x, y e Z 8 }; 0 < i < 90} be the set of polynomials in 
the variable x with coefficients from C (Z 8 ). S [x] is an additive 
abelian group of complex modulo integer polynomials of finite 
order. Clearly S [x] is not closed with respect to product. 



Clearly S[x] contains Z 8 [x] = 





cS [x], the 



usual polynomial group under addition of polynomials. 

{ 90 

^a^ 1 such that a ; = x ; i F with x ; e Z 8 and i 2 = 7} 

i=0 
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c S[x] is a pure complex modulo integer group of finite order 
contained in S[x] under addition. Thus S[x] = Z 8 [x] + Z 8 i F [x] 
with Z 8 [x] n Z 8 i F [x] = {0} is the direct sum of subgroups. 
Other than these subgroups S[x] has several subgroups. 



Example 2.15: Let 



S[x] = C[Z 2 ] [x] = 



fiv 


a, = x + yi F ;x,y e Z 2 ] 


U=o 


J 



= {0, 1, 2, i F , 2i F , x, 2x, i F x, 2i F x, x 3 , 2x 3 , i F x 3 and so on} be a 
complex abelian group under addition of modulo complex 
integers of finite order. 



Example 2.16: Let 



SW = ji>,x‘ 



a ; e C (Z 80 ) — {a + bi F I a, b e Z 8 o, ip — 79} } 



be the set of polynomials in the variable x with complex modulo 
integer coefficients. S[x] is a semigroup under multiplication. 

We have the following interesting theorems; the proof of 
which is simple and hence is left as exercise to the reader. 



Theorem 2.9: Let S [x] 




n < o'?, a i e C (Z n ) = ja + 



i F b I i 2 F = n-1 and a, b e Z n j. S [x] is group of complex modulo 
integer polynomials under addition. 



Theorem 2.10: Let S [x] 




a i a C (Z n ) — {a + bi F I 



a, b e Z„ and i 2 F = n-1 }. 

(1) S [x] is a group under addition of infinite order. 

(2) S [x] is a commutative monoid under multiplication. 



Example 2.17: Let S[x] = C(Zi 8 )[x] = jX a i x ' 



a, eC(Zi 8 ) = {x 



+ yi F l x,y e Z 1S and ip =17 } be the collection of all polynomials. 
S[x] is a ring. S[x] has zero divisors, units and idempotents. 
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It is interesting to note that these polynomial rings with 
complex modulo integers can be studied as in case of usual 
polynomials l ik e the concept of reducibility, irreducibility 
finding roots etc. This can be treated as a matter of routine and 
can be done with simple and appropriate changes. 

Now we proceed onto study and introduce the notion of 
matrix ring with complex modulo integer entries. We will 
illustrate this by some examples. 

Example 2.18: Let V = {(x b x 2 , ..., x 9 ) I x ; e C(Z 7 ) = {a + bi F I 
a, b e Z 7 and ip =6}; 1 < i < 9} be the 1x9 row matrix 
(vector). Clearly V is a group under addition of finite order and 
V is a semigroup under product of finite order. V as a 
semigroup has zero divisors. This semigroup (V, x) is a 
Smarandache semigroup. 

Example 2.19: Let P = {(xi, x 2 , x 3 , x 4 ) I X; e C (Z 12 ) = {a + bi F I 
a, b e Zi 2 and ip = 11, 1 <i<4} be the collection of 1 x 4 row 
matrices with complex modulo integer entries. P is a group 
under addition of finite order and (P, x) is a semigroup of finite 
order having ideals, subsemigroups, zero divisors, and units. 

Now we show how addition is carried out. Let 
x = (7 + 3i F , 4 + 2i F , ip, 7) 
and y = (2, 5i F , 9 + 2i F , 10 + i F ) 

be in (P, +). 

x + y = (7 + 3i F , 4 + 2i F , i F , 7) + (2, 5i F , 9 + 2i F , 10 + i F ) 

— (7 + 3i F + 2, 4 + 2i F + 5i F , i F + 9 + 2i F + 7 + 10 + i F ) 
(mod 12) 

— (9 + 3i F , 4 + 7i F , 3i F + 9, 5 + i F ) £ P. 

(0, 0, 0, 0) acts as the additive identity of P. 

Now (P, x) is a commutative semigroup of finite order; (1, 
1, 1, 1) is the multiplicative identity of (P, x). 

Suppose x = (3 i F , 2 + i F , 8, 5+7 i F ) and y = (3+ i F , 8, 9+ i F , 
8i F ) are in P to find 

x.y = (3 i F , 2+ i F , 7, 5+7 i F ) x (3 + i F , 8,9 + i F , 8i F ) 

— (3i F x 3+i F , 2+i F x 8, 8x(9+ i F ), 5+7 i F x 8i F ) (mod 12) 

= (9i F + 3x11, 16 + 8i F , 72 + 8i F , 40i F + 56 x 1 1) (mod 12) 
(using ip = 11) 
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= (9i F + 9, 4+8i F , 8i F , 4+4i F ) is in P. Clearly (P, x) has 
zero divisors, units, idempotents, ideals and subsemigroups. 

Interested reader can study the associated properties of the 
group of row matrices with complex modulo number entries and 
semigroup of row matrices of complex modulo integer entries. 
Now let 




where Xi’s are in C (Z n ); 1 < i < m, that is x, = a, + b;i F withip = 
n-1 . Y is called / defined as the column matrix or column vector 
of complex modulo integers. 

We see if we get a collection of m x 1 column vectors, that 
collection is group under addition. Infact multiplication is not 
defined on that collection. 

We will illustrate this situation by some examples. 

Example 2.20: Let 




X; e C (Z 5 ) = {a + bi F I a, b e Z 5 ; ip = 4, 1 < i < 5}. P is a group 
under addition of finite order. 

For if 



~2 + 4ip' 


0 


3i P 


2 + 4ip 


2ip + 1 


and y = 4 


3 


3 + 2i P 


1 

cn 

+ 

[in 

1 


l + i F 



103 




are in P to find x + y. 



"2 + 4i F ” 




0 


3i P 




2 + 4i P 


2i F + 1 


+ 


4 


3 




3 + 2i P 


4ip +3 




1 + i F 



2 + 4i F + 0 




"2 + 4i P " 


3i F + 2 + 4ip 




2ip + 2 


l + 2ip +4 


(mod 5) = 


2i P 


3 + 3 + 2ip 




l + 2i P 


3 + 4ip + 1 + ip 




4 



is in P. 



Now 



0 

0 

0 

0 

0 



acts as the additive identity. 



product cannot be defined on P. 



Multiplication or 



Example 2.21: Let 







x i 








x 9 




M = < 




z 








_ X 20. 





Xi e C(Z 24 ) = {a + bi F I a, b e Z 24 }; ip = 23; 1 < i < 20} be a 
group of 20 x 1 complex modulo integer column matrix. M is of 
finite order and is commutative. Now we proceed to define m x 
n (m ^ n) complex modulo integer matrix and work with them. 
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Example 2.22: Let 



X 1 


X 2 


X 3 


X 4 


X 5 


X 6 


x 7 


X 8 


X 9 


X 10 


X 11 


X 12 


X 13 


X 14 


X 15 



X; e C (Z 20 ) — {a + bi F I a, b e Z 20 }; 



ip = 19; 1 < i < 15} be a 5 x 3 complex modulo integer matrix. 
P is a group under addition and in P we cannot define product P 
is defined as a 5 x 3 matrix group of complex modulo integers. 

Example 2.23: Let 



W = 




aj c C (Z19) — {a + bi F la. b rr Z 19 } t 



ip =18;l<i<22}bea2xll complex modulo integer group 
of finite order under addition. 

To 0 ... ol 

e W 

0 0 ... 0 

acts as the additive identity. 



Example 2.24: Let 



a i 


a 2 


a 3 


a 4 


a i7 


a 5 


a 6 


a 7 


a 8 


a i8 


a 9 


a io 


a ll 


a i2 


a i9 


a i3 


a i4 


a i5 


a i6 


a 20 



a ; e C (Z 3 ) = { a + bi F I 



a. b e Z 3 }; ip =2; 1 < i < 20} be a group of 4 x 5 complex 
modulo integer matrices under addition. 
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Consider 



P = 



0 

a i 

0 

a* 



0 

a 3 
0 

a fi 



0 

a„ 



0 

a 5 

0 

a<n 



a, e C(Z 3 );l<i <10 



cS 



is a subgroup of S of finite order. 
Also 



T = 



is a subgroup of S of finite order. 
Now 



T 0 


a 3 


0 


a 7 


0 _ 






a i 


0 


a 5 


0 


a Q 








0 




0 


7 




a, g C(Z 3 );1 <i <10 


a 3 


a 6 


a io 




[O 


a 4 


0 


a 8 


0 







cS 



P n T = 



0 

a i 

0 

0 



0 

0 

0 

a. 



0 

a 2 

0 

0 



0 

0 

0 

a. 



0 

a 3 

0 

0 



a, e C(Z 3 );1 <i <5 



is a subgroup of S. 



Thus almost all results true in case of general groups can be 
easily derived in case of group of complex modulo integer 
matrix groups. 



Example 2.25: Let 
P = 



3 “4 

■2 



a; e C (Z50) 



= {a + bi F I a, b e Z 50 }; ip = 49; 1 < i < 4} be the group of 
complex modulo integers under addition. 



S = 



a 1 a, 



0 0 

is a subgroup of P of finite order. 



a, e C(Z 50 ); 1 <i < 2 > cP 
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Example 2.26: Let S = {all 15 x 15 matrices with entries from 
C (Z 42 ) } be the group of complex modulo integers under 
addition which is commutative and is of finite order. 



Example 2.27: Let 



M = 



A = 



3, diry 



3.0 3 Q 



a ; e C (Z 7 ) = {a + bi F I a, b e Z 7 }; 



ip = 6; 1 < i < 9} be the set of 3 x 3 matrices. If IAI + 0, M is a 
group under matrix multiplication. M is a finite non 
commutative group. If we relax the condition IAI ^ 0 then M is 
only finite non commutative semigroup of complex modulo 
integers. 

M has subgroups also. Also properties of finite groups can 
be easily extended to the case of complex modulo integers finite 
groups without any difficulty. 

Infact M = {collection of all m x m square matrices with 
entries from C (Z n ) (n < °°)} is a non commutative complex 
modulo integer finite ring of characteristic n. Thus we have a 
nice ring structure on M. So for finite non commutative rings 
one can easily make use of them. We can have subrings, ideals, 
zero divisors, units, idempotents and so on as in case of usual 
rings. This work is also a matter of routine and hence left as an 
exercise to the reader. 

Now having seen examples of rings, semigroups and rings using 
matrices of complex modulo integers we proceed onto define 
the notion of complex modulo integers vector spaces and linear 
algebra. 

DEFINITION 2.3: Let V be a complex modulo integer group 
under addition with entries from C(Z P ); p a prime. If V is a 
vector space over Z p then we define V to be a complex modulo 
integer vector space over Z p . 

We will first illustrate this situation by some examples. 
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Example 2.28: Let V = 



&i g C (Z 5 ) — { 3 + bip I 3 , b £ 



) 20 
Za lX 

i=0 

Z 5 }; ip = 4; 0 < i < 20} be a complex modulo integer vector 
space over the field Z 5 . 

Example 2.29: Let 

r x i x 2 i 

V= X . 3 X . 4 a ; e C (Z 43 ) = { a + bi F I a, b e Z 43 } ; 

_ X 25 X 26 _ 

i 3 = 42; 0 < i < 26} be a complex modulo integer vector space 
over the field Z 43 . 

Example 2.30: Let 

a i a 2 a 3 a 4 

a 5 a 6 a 7 a 8 

a 9 a 10 a u a 12 

a L 3 a 14 a 15 a 16 

a n a 18 a 19 a 20 

ai e C (Z 4 i) = {a + bi F I a, b e Z41}; i 3 =40; 1 < i < 20} be a 
complex modulo integer vector space over the field F = Z41. 

We can define subspaces, basis, direct sum, pseudo direct 
sum, linear transformation and linear operators, which is a 
matter of routine so left as an exercise to the reader. 

However we proceed onto give some examples. 

Example 2.31: Let 

a i a 2 a 3 
a 4 a 5 a 6 
P = < a 7 a 8 a 9 
a io a u a 12 
a 13 a ^ 4 a 15 
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a; e C (Z23) = {a + bi F I a, b e Z23}; ip = 22 ; 1 < i < 15 } be a 
complex modulo integer vector space over the field Z23 = F. 
Consider 

a i a 2 a 3 
0 0 0 

M=< a 4 a 5 a 6 a i e C(Z 23 );1 <i <9 > c P; 

0 0 0 
_ a 7 a 8 a 9_ 

M is a complex modulo integer vector subspace of P over F = 

Z 23 - 

T a i 0 a 6 ] 
a 2 0 a 7 

S = < a 3 0 a 8 a, e C(Z 23 );l<i <10 > c P, 
a 4 0 a 9 
a 5 0 a 10 _ 

is again a complex modulo integer vector subspace of P over Z23 
= F. We see 

aj 0 a 2 
0 0 0 

M n S = < a 4 0 a 3 a t e C(Z 23 );l<i <6 > c P 
0 0 0 

L a 5 0 a eJ 

is again a vector subspace of complex modulo integers over the 
field Z 23 = F. 

In view of this we have a nice theorem the proof of which is 
left as an exercise to the reader. 

THEOREM 2.11: Let V be a complex modulo integer vector 
space over the field Z p = F; p a prime. If W /, W2, W, (t < 0°) 
are complex modulo integer vector subspaces of V over F = Z p 

t 

then W= is a complex modulo integer vector subspace ofV 

i = 1 

over F. 
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Example 2.32: Let 



3. 3 9 3o 



&A 



a iO a il a i2 



c= C (Zn) — { a + bip a. b £ Zn}; 



ip = 10 ;l<i< 12 }bea complex modulo integer vector space 
over the field F = Z n . 

Consider 



a j a 2 0 

0 0 0 

0 0 0 

o a 3 a 4 



a i eC(Z 11 );l<i<4 cV, 



0 0 aj 
0 0 0 
0 0 0 



a 2 0 0 



a t e C(Z U );1 <i < 2 > cV, 



0 0 0 

aj 0 a 2 



0 0 0 



ajeCCZ,,);!^^ cV 



0 0 0 



0 0 0 



a ; e C(Z n );l <i <3 f c V, 
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be complex modulo integer vector subspaces of V over the field 

4 

Z n . Clearly V=(JW i and Wj n W ; = (0) if i * j, 1 < i, j < 4. 

i=l 

Thus V is a direct sum or direct union of complex modulo 
integer subspaces over Z n . 

Consider 



Pi = 



a, 0 a 2 

0 a 3 0 

0 0 0 

0 0 0 



e C(Z u );l<i<3 



cV, 



P 2 = 



aj 0 0 



i 2 0 a 3 
0 0 0 



a. 



0 0 



a;G C(Z u );l<i<4 



cV, 



a. a. 



p,=< 



a. 



0 

0 0 
a, 0 



0 

a 4 

0 

0 



a i eC(Z 11 );l<i<5 



cV, 



P 4 = 



aj 0 0 



0 0 
a 2 a 3 
0 0 



a;S C(Z u );l<i<5 



cV, 



P s = 



aj 0 0 

0 0 a 3 

a 4 0 0 

0 a 9 0 



a i eC(Z 11 );l<i<4 



c V 
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and 



P fi = 



a, 



0 0 



0 0 0 

a 4 0 0 

elf clo 3-r 



a, e C(Z u );l<i <4 



c V 



be complex modulo integer vector subspaces of V over the 

6 

complex field Z n . Clearly V = [JP, , but P, n P, # (0) for i # j; 

i=l 

1 < i, j < 6. Thus V is only a pseudo direct sum of complex 
modulo integer vector subspaces of V over Zn. 



Example 2.33: Let V = 



a i 

a 4 



a 2 

a 5 



a 3 

a 6 



a; e C(Z 5 ) = { a + bi F I 



a, b e Z 5 }; ip = 4} be a complex modulo integer vector space 
over the field Z 5 . Now consider the set 



r o~ 

0 

1 


o 

o 
1 




1 

9— H 

o 

0 

1 


1 

o 
o 
| o 


1 

o 

o 

o 

1 


9 


0 0 0 



fo 0 0] 


o 

o 

Q | 


o 

o 

Q | 


\ 

o 

Q | 


1 

o 

o 

o 


o ' 
o 

i 


o ' 
o 

1 


1 

o 

o 
1 


1 

o 

o 

| o 


1 

o 
| o 



0 i F 
0 0 



0 i F 
0 0 



0 0 0 



i F 0 0 



0 0 0 
0 0 L 



c V. 



B is a basis of V over Z 5 . Clearly complex dimension of V over 
Z 5 is 12. Likewise we can find basis for V and determine the 
dimension of V over F. 



Example 2.34: Let 



\ a i a 2 a 3 a 4 
|_ a 5 a 6 a 7 a 8 



a; g C(Z 13 ) — {a + bip la. b t Zn}? 
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ip = 12} be a complex modulo integer vector space over the 

field Z13 

and 



W = 



cl A 



di{ G C(Z 13 ) — { a + bip I a, b G Zy$\\ 



&8 &Q 



ip = 12} be a complex modulo integer vector space over the 
same field Zi 3 . Only now we can define the notion of complex 
linear transformation from V to W. 



Let T : V — > W be a map such that 

a i a 2 a 3 
a 4 a 5 a 6 

0 a 8 a 7 

T is a complex linear transformation of V to W. 



f 


1 


a 2 


a 3 


a 4 


\ 


k 


1 


a 6 


a 7 


P 

00 

1 


y 



It is pertinent to mention here that most important factor is if T 
is a complex linear transformation we map i to i. Of course we 
can have other ways of mapping but those maps should give us 
the expected complex linear transformation. 

We can define 



f 


a, a 9 a d 


/ 


a, a 9 a. a 4 


\ 


"0 0 


o 

o 


1 


kerT = < 


1 Z J 4 


T 


1 Z J 4 


= 






l 

f 


1 


_ a 5 a 6 a 7 a 8_ 


V 


_ a 5 a 6 a 7 a 8_ 


/ 


v 0 0 


o 

o 


1 



c V; ker T is again a subspace of V. We also can easily derive 
all results about complex linear transformations as in case of 
usual transformation only with some simple appropriate 
operations on them. 



We can also define as in case of usual vector spaces the notion 
of invariant subspace by a complex linear operator and so on. 
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Example 2 . 35 : Let 





E C (Z 29) — { a + bip I a, b e ^29}^ 



ip = 28 ;l<i< 15 }bea complex modulo integer vector space 



over the field Z29 = F. 



Let T : V — > V be a map such that 




T is a linear operator on V. 
Now let 




W is a complex modulo integer vector subspace of V over Z29. 
Now we see T (W) c W so W is invariant under the complex 
linear operator T. 

Consider 
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P is a complex modulo integer vector subspace of V over Z 29 
but T (P) c P, so P is not a complex vector subspace of V which 
is invariant under the linear operator T of V. Interested reader 
can study the notion of Horn (V,V) and Horn (W,V) ; p a prime. 

z p v z p V 

Such study is also interesting. 



Example 2 . 36 : Let V = 



U< Up 



Up a. 



di\ g C(Z n ) — {a + i F b I a, b 



e Z179}; ip = 16 } be a complex modulo integer vector space 
over the field Zi 7 . 

If 



and 




0 

(ij 

a 2 

0 

0 

0 

0 

a 4 



a s e C(Z 17 )| c V, 
a; e C(Z 17 )| cV, 
a, e C(Z 17 )j c V, 
a ! g C(Z 17 )| cV 



be subspaces of V. We say V is a direct sum of Wi, W 2 , W 3 and 
W 4 and V is spanned by Wi, W 2 , W 3 and W 4 . 

We can have several properties about linear operators like 
projections and the related results in case of complex modulo 
integers. 

We can define modulo integer linear algebras if the modulo 
integer vector space is endowed with a product. Infact all 
complex modulo integer linear algebras are vector spaces but 
vector spaces in general are not linear algebras. Several of the 
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examples given prove this. We now give examples of complex 
modulo integer linear algebras. 



Example 2.37: Let V = 




aj £ C (Zn) — { a + bip I a, b 



U-o I 

e Zn; ip = 10}} be a complex modulo integer linear algebra 
over Zn. Clearly V is of infinite dimension over Zn. 



Example 2.38: Let M = { (xi, x 3 , x 4 , x 5 , x 6 ) I X; e C (Zn) = {a 
+ bi F I a, b e Z [7 ; ip = 16}; 1 < i < 6} be a complex modulo 
integer linear algebra over Z n . Clearly M is finite dimensional 
and M is also of finite order. 



Example 2.39: Let 



V = 









ajE C (Z53) = { a + bi F I a, b e Z 



53] 



ip = 52; 1 < i < 9} be a complex modulo linear algebra over Z 53 . 
V is finite dimensional and has only finite number of elements 
in it.However V has complex modulo integer linear subalgebras. 



Example 2.40: Let 



V = 




a 2 

a 4 



a; e C (Zgi) — {a + bip I a, b e Z^', ip — 60}; 



1 < i < 4} be a complex modulo integer linear algebra over the 
field F = Z 6 |. 

Define T : V — > V by 



f 


cl. 


\ 


a. 


0 " 


T 


1 2 


= 


1 

0 




V 


a 3 a 4 


/ 


a 2. 



T is a linear operator on V. 
Further if 



W = 




0 

a. 



a,eC(Z 61 );l<i<3 cV; 
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be a complex modulo integer linear subalgebra of V over 
Z 6 i = F. 

T (W) <Z W so T does not keep W as a invariant subspace of 
V over Z 6 i. 



Example 2.41: Let 



and 



V = 



W = 



ell 3.ry 



a i e C(Z 13 );1 < i < 4 , 



a, e C(Z 13 );l<i <16 



be any two complex modulo integer linear algebras over the 
field F = Z 13 . 



Define T : V — > W by 

a; 0 0 0" 

0 a 2 0 0 

0 0 a 3 0 ’ 

0 0 0 a 4 

T is a linear transformation from V to W. 



T ( 



cL, a o 



Example 2.42: Let 



r 


_ 










a i 


a 2 


a 3 


a 4 




a 5 


a 6 


a 7 


a 8 




a 9 


a io 


a il 


a i 2 




_ a i3 


a i4 


a i5 


OS 

1 



a; e C (Z 37 ) 



= {a + bi F I a, b e Z 37 ; ip = 36}; 1 < i < 16} be a complex 
modulo integer linear algebra over the field Z 37 = F. 
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Define T : V — > V by 



r 


1 

^P 


a 2 


a 3 


P 

1 






1 


0 


a 2 


1 

O 




a 5 


a 6 


a 7 


P 

00 






0 


a 3 


0 


a 4 




a 9 


a io 


a il 


a i2 






a 5 


0 


a 6 


0 


V 


_ a i3 


a i4 


a i5 


^P 

as 

1 


) 




0 


3-1 


0 


p 

00 

1 



T is a linear operator on V. 

All properties related with usual operators can be easily 
derived in case of complex modulo integer linear operators. 

We can define in case of linear operators of vector space / linear 
algebra of complex modulo integers we can define the related 
special characteristic values and characteristic vectors. 

Let V be a complex modulo integer vector space over the 
field Z p and let T be a linear operator on V. A special 
characteristic value of T is a scalar c in Z p such that there is a 
non zero vector a in V with Ta = ca. If c of characteristic value 
of T, then 

(a) any a such that Ta = ca is called a characteristic vector 
of T associated with value c. 

(b) collection of all a such that Ta= ca is called the 
special characteristic space associated with c. 

The fact to be remembered is that in case of usual vector 
spaces the associated matrix has its entries from the field F over 
which the space is defined but in case of complex modulo 
integers this may not be possible in general. We say in case of 
special characteristic equation the roots may not in general be in 
the field Z p but in C (Z p ) where the vector space is defined 
having its entries. Thus this is the major difference between 
usual vector space and the complex modulo integer vector 
space. 

Now we define the notion of special Smarandache complex 
modulo integer vector space / linear algebra over the S-ring. 

DEFINITION 2.4: Let V be an additive abelian group with 
entries from j C (Z„) = (a + bi F I a, b e Z n j; i 2 F — n—1} where Z n 
is a S-ring. If V is a vector space over the S-ring then we define 
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V to be a Smarandache complex modulo integer vector space 
over the S-ring Z„. 

We give examples of them. 

Example 2.43: Let 

a i a 2 a 3 

a 4 a 5 a 6 

= {a + bi F I a, b e Zi 0 ; ip = 9}; 1 <i<6} be a Smarandache 
complex modulo integer vector space over the S-ring R = Zi 0 . 

Example 2.44: Let 

a i a 2 a 3 a 4 

a 5 a 6 a 7 a 8 

a 37 a 38 a 39 a 40 

= ja + bi F I a, b e Z i4 } ; ip = 13} be a S-complex modulo 
integer vector space over the ring S = Z| 4 . 

Example 2.45: Let 

a i a 2 a 3 a 4 

a 5 a 6 a 7 a 8 

a 9 a i0 a il a i2 

a i3 a i4 a i5 a i6 

= {a + bi F I a, b e Z 46 ; ip = 45}; 1 < i < 6} be a S-complex 
modulo integer linear algebra over the S-ring S = Z 46 . 

Example 2.46: Let 

a i a 2 a 3 

M= a 4 a 5 a 6 a ; e C(Z 38 ) 

a 7 a 8 a 9 _ 

= {a + bi F I a, b e Z 38 ; ip =37}; 1 < i < 9} be a complex 
modulo integers linear algebra over Z 38 . 
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Take 







a l 


a 2 


a 3 _ 


w = 




0 


a 4 


a 5 






0 


0 


a 6. 



a; e C (Z 38 ); 1 < i < 6} c M; 



W is a Smarandache complex modulo integer linear subalgebra 
of M over Z 38 . Infact M has many S -complex modulo integer 
linear subalgebras. 



Example 2.47: Let V = {(xi, x 2 , x 3 , x 4 , x 5 , x 6 , x 7 , x 8 ) I x ; g 
C(Z 34 )={ a+bi F I a, b g Z 34 ; ip = 33 } ; 1 < i < 8 } be a Smarandache 
complex modulo integer linear algebra over the S-ring Z 34 = S. 
Take 

Pi = {(xi, x 2 , 0, 0, 0, 0, 0, 0) I x u x 2 g C (Z 34 ) } c V, 

P 2 - {(0. 0. x 3 , 0. 0. 0. 0. 0) I x 3 g C (Z 34 ) } c V, 

P 3 = {(0, 0, 0, x 4 , x 5 , 0, 0, 0) I x 5 , x 4 g C (Z 34 ) } c V, 

P 4 = {(0 0 0 0 0 x 6 0 0) I x 6 g C (Z 34 ) } c V, 

P 5 = {(0 0 0 0 0 0 Xl 0) I x 7 g C (Z 34 ) } c V and 
P 6 ={(0 0...0, x 8 ) lx 8 e C (Z 34 ) } c V 
be smarandache complex modulo integer linear subalgebras of 

6 

V over the S-ring Z 34 . Clearly V = |^jp and P, n P, = (0 0 0 0 0 

i=l 

0 0 0) if i ^ j; 1 < i, j < 6. Thus V is a direct sum of subspaces. 
Take 

Mj = { (xj, x 2> 0, x 3 0 0 0 0) I ^ g C (Z 34 ); 1 < i < 3} c V, 

M 2 = { (Xi, x 2 , 0, 0, x 3 , x 4 0 0) I Xi g C (Z 34 ); 1 < i < 4} c V, 
M 3 - {(Xi, 0 0 x 2 0 x 3 0 0) I x; g C (Z 34 ); 1 < i < 3} c V, 
M 4 = { (x^ 0 x 2 , 0, x 3 0 x 4 ) I Xi g C (Z 34 ); 1 < i < 4} c V, 

M 5 = { (x 1? 0 0 0 0 0 x 3 x 2 ) I X; g C (Z 34 ); 1 < i < 3 } cV and 
M 6 = { (x ls 0, x 2 , 0, x 3 0 x 4 0) I x; g C (Z 34 ); 1 < i < 4} c V, 
be S-complex modulo integer linear subalgebras of V over the 
S-ring S = Z 34 . 

6 

V = |JM 1 ; Mi n Mj ^ (0) if i * j; 1 < i, j < 6. 

i=l 

Thus V is only a pseudo direct union of S-complex modulo 
integer sublinear algebras of V over Z 34 = S. 
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Example 2.48: Let 



V = 




a 2 

a 4 



ai e C(Z 6 ) = {a + i F b I a, b e Z 6 ; ip =5}; 



1 < i < 4} be a Smarandache complex modulo integer linear 
algebra over the S-ring Z 6 . 

Let 



W = 







a i g C(Z 6 );1 < i < 3 



cV, 



W is a Smarandache complex modulo integer linear subalgebra 
of V over the S-ring Z 6 . 

Now let 



P = 




O' 

a 2 j 



a, e C(Z 6 );1 <i < 2 > c V, 



P is a complex modulo integer linear algebra over the field F = 
{0, 3} c Z 6 . Thus P is defined as a Smarandache pseudo 
complex modulo integer linear algebra over the field F of V. 

Infact P is also a Smarandache pseudo complex modulo 
integer linear subalgebra of V over the field {0, 2, 4} c Z 6 . 

Also 



T = 



aeC(Z 6 ) cV 



is a pseudo Smarandache complex modulo integer linear 
subalgebra of V over the field F = {0, 2,4) cZ 6 . 



Example 2.49: Let 



V = 



^a a a a^ 



a a a a 

a a a a 



v a a a a y 



aeC (Z 7 ) 



= {a + i F b I a, b e Z 7 ; ip = 6}} be a complex modulo integer 
vector space over the field Z 7 . Clearly V has no subvector space 
with entries of the form a = x + i F y; x ^ 0 and y # 0. 

Inview of this we have the following theorem. 
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Theorem 2.12: Let 



V = 



a a a 

a a a 



a e C (Z p ); 



p a prime} be the set of all n X n matrices complex modulo 
integer linear algebra over Z p . 

i ) V has no complex modulo integer linear subalgebra with 
entries of the matrix x = a + bi F , a ZO and b ^0 a, b e Z p . 

V „ - .a 



ii) M = 



X 


X .. 


. X 


X 


X .. 


. X 


X 


X .. 


. X 



xe Z„ 



> ciV is a pseudo complex 



modulo integer linear subalgebra of V over Z p . 

The proof is straight forward and hence left as an exercise to the 
reader. 



Example 2.50: Let 



V = 



r a a^ 



v a a y 



aeC(Z 5 ) 



be a complex modulo integer linear algebra over the field Z 5 . 
Consider 



in V. Now 



( 3i F 


30 




f 4i P 


40 


F 

y 3i F 


F 

3'f j 


and Y = 


Of 





XY = 



% 


30 




O f 40 


y 3i F 


3'f j 




v 4i P 4i Py 



^2xl2ip 2x120 




"24x4 24x4^ 




ri n 


v 2xl2ip 2xl2ip j 




v 24x4 24x4y 




vi K 



(using ip = 4 and modulo adding 5). 
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Thus if 



P = 



f ?l 



v a a y 



te Z 5 i F i = {ai F |ae Z 5 } c V 



then P is not a linear subalgebra and product is defined on V but 
it is not in P. For take 



in P. Now 





f ip 


i F 'l 




f 3ip 


3ip^l 


X = 






and y = 


F 


F 




v4f 


L ) 




v 3i F 


3i Py 



x.y = 



( i i A 

1 F X F 


"3ip 


3i p N 


V*F 1 f) 


V^p 


3' Fy 



f 3ip + 3ip 


3ip + 3ip 'l 




"4 4" 


F F 

y 3ip + 3ip 


F F 

3ip + 3ip y 


(mod 5) ( ij = 4) - 


4 4 



e P. 



Thus P cannot be a linear subalgebra but P can be complex 
modulo integer vector subspace so P is a pseudo complex 
modulo integer vector subspace of V over Z 5 . 



Example 2.51: Let 



P = 



^a a a a^ 



a a a a 

a a a a 



v a a a a y 



a e C(Z 12 ) — 



{ ai + i F bi I ai, bi e Z i2 ; ip = 11}} be a S-complex modulo 
integer linear algebra over the S-ring Z [2 . P has pseudo S- 
complex modulo integer linear subalgebra given by 



a a a a 



S = 



a a a a 

a a a a 



a ^ ^12' F 






a a a a 
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is not a subalgebra. Thus if C(Z n ) = {a + i F b I a, b e Z n ; ip = n- 
1 } then Z n c C(Z n ) and Z n is a subring called the pseudo 
complex modulo integer subring. However Z n i F ={ai F I a e Z n , 
ip = n - 1 } is not a ring or a semigroup under product but only 
a group under addition for ai F . bi F (a, b e Z n ) is abi P = ab (n - 

1) and ab (n - 1) € Z n i F . Thus product is not defined on Z n i F . 

Now all properties associated with usual vector spaces can 
be derived in case of complex modulo integer vector spaces. We 
just indicate how linear functionals on complex modulo integer 
of linear algebras / vector spaces defined over Z p is described in 
the following. 




= {a + bi F I a, b e Z23; ip = 22}; 1 < i < 10} be a complex 
modulo integer vector space over the field Z23. 

We define f : V — > Z23 as follows: 




— (ai + bi + a 2 + b 2 + . . . + a^o ■+■ b^o) mod 23. 

Thus f is a linear functional on V over Z 23 . 

However we have to be careful to make appropriate changes 
while defining dual spaces and basis properties associated with 
linear functionals. Further we can have f(v) = 0 even if v ^ 0; 
and v e V. Interested reader can develop it as a matter of 
routine. 

If A = (ai + b ; i F ) is a n x n complex modulo integer matrix 
with entries from Z p , p a prime we can find characteristic values 
as in case of usual matrices. 
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Chapter Three 



Neutrosophic Complex Modulo 
Integers 



In this chapter for the first time the authors introduce the notion 
of neutrosophic complex modulo integers. We work with these 
newly defined neutrosophic complex modulo integers to built 
algebraic structures. 

Let C((Z n ul)) = {a + bi F + cl + ifdl I a, b, c, d e Z n , ip = n 
- 1, I 2 = I, (if) 2 = (n - 1)1} be the collection of neutrosophic 
complex modulo integers. Thus neutrosophic complex modulo 
integer is a 4-tuple (a, b, c, d) where first coordinate is a real 
value second coordinate signifies the complex number, the third 
coordinate the neutrosophic integer and the forth coordinate 
represents the complex neutrosophic integer. 

Example 3.1: Let C((Z 5 ul)) = {(a + i F b + cl + ipdl) I a, b, c, d 
g Z 5 , ip = 4, l 2 = I, (ipl) 2 = 41 } be the neutrosophic complex 
modulo integer. The order of C«Z 5 u I)) is 5 4 . 

Example 3.2: Let C((Z 4 ul))= {(a + i F b + cl + ipdl) I a, b, c, d 
g Z 4 , i 2 = 3, l 2 = I, (i F I) 2 = 31} be the neutrosophic complex 
modulo integers. 
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Example 3.3: Let C«Zi 2 ul)) = j(a + bi F + cl + di F I) I a, b, c, d 
e Z 12 , ip = 11, I 2 = I, (i F I) 2 = 1 11} be the neutrosophic complex 
modulo integers. 

We give now algebraic structure using C((Z n u I)). 

Definition 3.1: Let C((Z n ul)) = (a + i F b + cl + i h dl I a, b, c, 
d e Z„, ip = n—l,I~ = I, (i F lf = (n— 1 )Ij, suppose define addition 
‘+ ’ on C( (Z n Ul)) as follows if x= (a + i F b + cl + ipdl} and y = 
l m + i F p + si + i F rIj are in C( (Z n ul)) then 
x+ y = (a + i F b + cl + i F dI) + (m + i F p + si + i F rI) 

= ((a + m) (mod n) + i F (b + p) (mod n) + 

(c + s)I (mod n) + i F I (d + r) (mod n)) 

( C( (. Z„ ul)), +) is a group for 0 + 0 + 0 + 0 = 0 acts as the 
additive identity. For if x - {a + bi F + cl + di F I e C({Z n ul)) 
we have - x = (n - a) + (n - b)i F + (n - c)I + (n - d)i F I e C( (. Z„ 
ul)) such that x + (— x) = 0. 

( C( (. Z„ U I)), + ) is defined as the group of neutrosophic 
complex modulo integers or neutrosophic complex modulo 
integers group. 

All these groups are of finite order and are commutative. 

We will illustrate this situation by some examples. 

Example 3.4: Let G = C«Zn ul)) = {(a + i F b + cl + ipdl) I a, b, 
c, d e Zn, l 2 = I, (i F ) 2 = 10, (i F I) 2 = 101} be a neutrosophic 
complex modulo integer group under addition. o(G) = ll 4 . G 
can have only subgroups of order 11 or 121 = ll 2 or 11 3 only. 

Example 3.5: Let G = {C«Z 2 u I)), + } = {0, 1 , i F , I, IfL 1+ If, 1 
+ I, I + i F , 1 + i F I, + ip "i - 1, L "t - i F I, 1+ i F + I, 1 + i F + i F I, 1 + I + 
i F I, 1 + i F + i F I, 1+ ip+1 + i F I } be the group neutrosophic 
complex modulo integers of order 2 4 = 16. 

We have 1L = {0, 1 }, H 2 = {0, 1} and H 3 = {0, 1, I, 1 + 1} are 
subgroups of order two and four respectively. 
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Example 3.6: Let 



P = 




a 2 

a 5 



a 3 

a 6 



a, e C «Z 3 u I» 



= {a + bi F + cl + ipdl I a, b,c,de Z 3 , i 2 = 2, 1 2 = I, (i F I) 2 = 21, 1 
< i < 6} be a group of neutrosophic complex modulo number 2 
x 3 matrix under addition. 



Example 3. 7: Let 

M = 




a i £ C ((Z42 CJ I)) 



— {a + bip + cl + ipdl I a, b, c, d g Z 42, i F — 41, I — I? (ipl) — 



411};0<i<27}bea group of polynomials under addition of 
complex neutrosophic modulo integers. 

Clearly M is of finite order. 



Example 3.8: Let 





' 


- 








X 1 


X 2 


p= • 




X 3 


X 4 






_ X 43 


x 44_ 



a i e c ((Z50 U I)) 



= {a + bip + cl + ipdl I a, b, c, d e Z 50 , ip = 49, l 2 = I, (i F I) 2 = 



491 } } be the 22 x 2 group matrix under addition with entries 
from C«Z 50 u I». 



Example 3.9: Let M = {(xi, x 2 , ..., Xu) I x ; e C«Z 15 ul))={a 
+ bip + cl + ipdl I a, b, c, d e Z 15 , i 2 = 14, 1 2 = I, (i F I) 2 = 141}; 1 

< i < 11} be a group of row matrix of neutrosophic complex 
modulo integers under addition. 

Example 3.10: Let M = {(a, a, a, a, a, a) I a e C«Zn ul»= ja 
+ bip + cl + dipl I a, b, c, d e Z„, i 2 = 10, I 2 = I, (i F I) 2 = 101} } 
be a row matrix of neutrosophic complex modulo integers. M is 
a group under product. (M does not contain (0, 0, 0, 0, 0, 0)). 
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Example 3.11: Let 



a 

a 

a 



M = 



a 



a 



a ; e 



a 



C«Z 13 uI» 



a 

a 



a 



= {a + i F b+ cl + di F I I a, b, c, d e Z 33 , ip = 12, l 2 = I, (i F I) 2 = 
121}} be a group of neutrosophic complex modular integers 
under addition of finite order. 



Example 3.12: Let 



M = 



a b 
c d 



a, b, c, d e C «Zi 5 u I)) 



= {m + ni F + rl + i F sl I m, n, r, s e Zi 5 , i 2 = 14, l 2 = I, (i F I) 2 = 
141}} be a group of complex neutrosophic modulo integers 
under addition. Let 



P = 



a b 
0 0 



a,beC((Z 15 ul))l c M; 



P is a subgroup under addition of M. 
Take 



W = 



a b 
c 0 



a,b,ce C((Z 15 ul)) > cM 



is also a group under addition. 
Consider 



B = 



a b 
c d 



a, b, c, d e {m + ni F + rl + i F sl I m, n, r, s e {0, 



5, 10} c Z i5 } } c M is a subgroup of M. 
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Now we have seen the concept of subgroups of a group. 



Example 3.13: Let M = { (ai, aio) where a, e C«Z 40 u I)) = 
{a + i F b+ cl + ipdl I a, b, c, d e Z 40 , ip = 39, 1 2 = I, (i F I) 2 = 391}; 
1 < i < 10} be closed under product but is not a group under 
product. But M is a commutative semigroup of neutrosophic 
complex modulo integers under product. M has ideals and 
subsemigroups. 

Example 3.14: Let 

a i a 2 a 3 
di A 3-r dif- 

S = \ , 4 , 5 , 6 a i e C«Z 43 u I» 

L a 28 a 29 a 3oJ 

— {a + bip+ cl + ipdl I a, b, c, d g Z 43 , i F — 42, I” = I, (i F I) _ — 

421}; 1 < i < 30} be a complex neutrosophic modulo integer 
semigroup under addition. 

a) Find order of S. 

b) Find ideals if any in S. 

c) Can S have zero divisors? 

d) Find subsemigroups which are not ideals in S. 

Study (a) to (d) to understand about neutrosophic complex 

modulo integer semigroup. 



Example 3.15: Let 



a, b, c, d g C «Z 13 u I)) 



= {m +ri F + nl + Isi F I i 2 = 12, L = I, and (Ii F ) 2 = 121} be a 
neutrosophic complex modulo integer semigroup under product 
of matrices. 

i. Find order of M. 

ii. Find subsemigroups which are not ideals of M. 



a,b e C((Z 13 ulj)i c M an ideal of M? 
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iv. Find right ideals in M, which are not left ideals of M. 

v. Prove M is a non-commutative semigroup. 

vi. Is M a S-semigroup? 



Answer such questions to understand this concept. However 
the last chapter of this book provides many problems for the 
reader. Further we are not interested in the study of complex 
neutrosophic modulo integer semigroups or groups. 

What we are interested is the construction and study of 
complex neutrosophic modulo integer vector spaces / linear 
algebra and set complex neutrosophic modulo integer vector 
space / linear algebra and their particularized forms. Now we 
have seen examples of semigroups and groups built using the 
complex neutrosophic modulo integers. 

We will first define vector spaces of complex neutrosophic 
modulo integers. 



DEFINITION 3.2: Let V be an additive abelian group of complex 
neutrosophic modulo integers using C( (Z p u I)), p a prime. Z p 
be the field. If V is a vector space over Z p then V is defined as 
the complex neutrosophic modulo integer vector space over Z p . 

We will illustrate this situation by an example. 



Example 3.16: Let 
V = 




a, e C«Z 7 u I» 



= {a + bi F + cl + ipdl I a, b, c, d e Z 7 }, ip = 6, 1 2 = I}; 0 < i < 25} 
be a complex neutrosophic modulo integer vector space over the 
field Z 7 . 



Example 3.17: Let 



M = 



cl, 



cio 



a, e C «Z n u I» 
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= {a + bi F + cl + ipdl I a, b, c, d e Z„}, ip = 10, I 2 - I; (i F I) 2 = 

101}; 1 < i < 9} be a neutrosophic complex modulo integer 
vector space over the field Z u . 



Example 3.18: Let 



P = 



a i e C((Z43 U I)) 



= {a + bip+ cl + ipdl I a, b, c, d e Z 43 }, i 2 = 42, l 2 = I; (i F I) 2 = 

421}; 1 < i < 12} be a complex neutrosophic modulo integer 
vector space over the field F = Z 43 . 



Example 3.19: Let M = { (a 4 , a 2 , ajo) I a ; e C «Z 47 u I» = {a 
+ bip+ cl + ipdl I a, b, c, d e Z 47 }, i 2 - 46, 1 2 = I; (i F I) 2 = 461}; 1 

< i < 10} be a neutrosophic complex modulo integer vector 
space over the field F = Z 47 . 



Example 3.20: Let 



W = 



ai e C«Z 23 u I» 



[V a i3 a i4 ••• a 24/| 

= {a + bip+ cl + ipdl I a, b, c, d e Z 23 }, i 2 = 22, l 2 = I; (i F I) 2 = 

221}; 1 < i < 24} be a neutrosophic complex modulo integer 
vector space over the field Z 23 = F. 



Example 3.21: Let 

IT Pi 



W = i 



p 4 



p 2 

p 5 



p 3 

Pe 



Pl e C«Z 5 uI» 



[LP43 P 44 P45J | 

= {a + i F b + cl + ipdl I a, b,c,de Z 5 }, i 2 = 4, 1 2 = I; (i F I) 2 = 41}; 

1 < i < 45} be a neutrosophic complex modulo integer vector 
space over the field F = Z 5 . 
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Example 3.22: Let 



a i a 2 a 3 

d A 3.,r dlf- 

V = 5 6 a ; e C «Z 29 u I» 

a 7 a 8 a 9 

a 10 a u a 12 _ 

= {a + bi F + cl + ipdl I a, b, c, d e Z 2 g}, ip = 28, I 2 = I; (i F I) 2 = 

281}; 1 < i < 12} be the neutrosophic complex modulo integer 
vector space over the field Z 2 9 = F. 

The definition of subvector space is a matter of routine we 
give a few examples of them. 

Example 3.23: Let 

a i a 2 

v= a : 3 a . 4 a i GC«Z 13 uI» 

L a 21 a 22 _| 

= {a + bi F + cl + ipdl I a, b, c, d e Zi 3 }, i 2 = 12, l 2 = I; (i F I) 2 = 

121}; 1 < i < 22} be the neutrosophic complex modulo integer 
vector space over Z [3 . 

Consider 

°1 

0 

. a^C^ZjjUl^jl^i^lH cV, 

°J 

T is a complex neutrosophic modulo integer vector subspace of 
V over Z J3 . 
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M = 



a i 

0 

a 3 
0 

a 5 

0 

a 7 

0 

a 9 

0 

a,, 



“10 

0 



a, g C(< Z 13 ul>);l<i <12 



c V 



be a neutrosophic complex modulo integer vector subspace of V 
over Zi 3 . 



Now 



T n M = 



0 

a 2 

0 

a 3 

0 

a 4 

0 

a 5 

0 

a c 



a, e C(<Z 13 ul>);l<i< 6 



c V 



is a subspace of V. We have the following theorem the proof of 
which is left as an exercise to the reader. 

THEOREM 3.1: Let V be a neutrosophic complex modulo 
integer vector space over the field F = Z p . Let W lt W,(t< °°) 
be the collection of vector subspaces of V. 
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W = n Wj is a vector subspace of V. W can be the zero 
subspace. 



Example 3.24: Let 
V = 



r tX "7 tin 



^in ^11 *X\ 



a ; e C«Z 7 uI» 



= {a + i F b + cl + ipdl I a, b, c, d g Z 7 ; i 2 = 6, 1 2 = I; (i F I) 2 = 61}; 

1 < i < 12} be a neutrosophic complex modulo integer vector 
space over Z 7 . 

Consider 



W 1 = 



aj 0 0 a 3 
0 0 0 0 
a, 0 0 0 



a, e C(< Z 7 u I >);1 < i < 3 



cV, 



W,= 



0 0 0 0 
aj 0 0 a 2 
0 0 0 a, 



a, g C(<Z 7 ul >);1 <i <3 



cV, 



W 3 = 



0 aj 

0 a. 



0 0 
0 0 



0 0 0 0 



a p a 2 g C(<Z 7 ul>) 



cV, 



W 4 = 



0 0 a 2 0 

0 0 0 0 
0 a; 0 0 



a p a 2 g C(<Z 7 ul >) 



c V and 



W,= 



0 0 0 0 
0 0 a; 0 
0 0 a 2 0 



a p a 2 g C(<Z 7 ul >) 



c V 
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be neutrosophic complex modulo integer vector subspaces of V 

5 

over Z 7 . Clearly V = [JWj if i =£ j, 1 < i, j < 5. Thus V is the 

i=l 

direct sumofWi, W 2 , W 5 . 

Example 3.25: Let 

a i a 2 a 3 a 4 

a 5 a 6 a 7 a 8 

a 9 a 10 a n a i 2 

V * a^2 a^ a^ a^ a ; g= C((Zg3 I)) 

a i7 a i8 a i9 a 2o 

a 21 a 22 a 23 a 24 

[_ a 25 a 26 a 27 a 28 _| 

— {a + bip + cl + ipdl I a, b, c, d g Z 53 5 i F — 52, I” — L (IfI) = 

521}; 1 < i < 28} be a complex neutrosophic modulo integer 
vector space over the field F = Z 53 . 



Example 3.26: Let 

IT a i a 2 a 3 




a 25 a 26 a 27 




a i G C(Z53 ) 



= {a + bi F I ip =52} 1 < i < 8 } c V, (V mentioned in Example 



3.25) M is called as the complex pseudo neutrosophic complex 
modulo integer vector subspace of V over Z 53 . Take 

a i a 2 a 3 a 4 

a 5 a 6 a 7 a 8 

a 25 a 26 a 27 a 28 

= {a + bl I l 2 = I, a , b e Z 53 } c V. P is a neutrosophic pseudo 

neutrosophic complex modulo integer vector subspace of V 
over Z 53 . 
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Now if 




a 4 

a . 8 a t e Z 53 ;l <i < 28 > cV; 
a 28 _ 



then T is a real pseudo neutrosophic modulo integer vector 
subspace of V over Z 53 . 

It is interesting to note that V is not a linear algebra. 

We can also have 



a i a 2 a 3 a 4 

Sir Sir 3. 7 

B = < , 5 , 6 , 7 , 8 aj g Z 53 I = {aIlae Z 53 } ;1 < i < 28 

[_ a 25 a 26 a 27 a 28 _j 



c V is a pure neutrosophic pseudo neutrosophic modulo integer 
vector subspace of V over Z 53 . 

Finally if we take 

a i a 2 a 3 a 4 
Sir Sir Sic, 

C =< , 5 , 6 , 7 , 8 a j e Z 53 i F ;{ai F I a e Z 53): l < j < 28 

a 25 a 26 a 27 a 28 J 

c V is again pure complex pseudo neutrosophic complex 
modulo integer vector subspace. 

However it is pertinent to mention here that if V is a linear 
algebra then V cannot contain pure complex pseudo 
neutrosophic complex modulo integer vector subspace. This is 
the one of the marked difference between a vector space and 
linear algebra. We have not so far defined the notion of 
neutrosophic complex modulo integer linear algebra. We just 
say a complex neutrosophic modulo integer vector space V is a 
complex neutrosophic modulo integer linear algebra of V is 
closed under a product. Inview of this we have the following 
theorem. 
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THEOREM 3.2: Let V be a complex neutrosophic modulo 
integer linear algebra over the field Z p , then V is a neutrosophic 
complex modulo integer vector space over the field Z p . If V is a 
complex neutrosophic modulo integer vector space then V need 
not in general be a linear algebra. 

The first part follows from the very definition and the later part 
is proved by a counter example. 



Example 3 . 27 : Let 



M = 



a 6 

a 9 

a,- 



a,e C«Z 17 uI» 



— {a + bip + cl + ipdl I a, b, c, d g Z\j ; i F — 16 , I — L ( i|l ) — 

161 }; 1 < i < 12} be a complex neutrosophic modulo vector 
space over the field Z n . Clearly a product cannot be defined on 
M so M is only a vector space and not a linear algebra. 



Example 3 . 28 : Let 





1 

& 


a 2 


a 3 


a 4 




a 5 


a 6 


a? 


a 8 




a 9 


a io 


a n 


a i2 




_ a i3 


a i4 


a i5 


a i6 _ 



a.e C«Z 23 uI» 



— { a -t- bip + cl + ipdl I a, b, c, d g Z23 ; i F — 22, I — I; (ipl) - — 

221}; 1 < i < 16 } be a complex neutrosophic modulo integer 
linear algebra over the field Z23. 



We can define subalgebras and direct sum. 



Example 3 . 29 : Let M = jy aW 



3 -i e C ((Zn lj I)) — {a. + bi F + 



cl + ipdl I a, b, c, d e Zn}, ip = i F , l 7 = I and (IL) 2 = 101} be a 
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complex neutrosophic modulo integer linear algebra of infinite 
dimension over Z u - 

Example 3.30: Let V = { (ai, a 2 , a 3 , a 4 , as, a 6 , a 7 , a 8 ) I a; e 
C «Zn u I» = {a + bi F + cl + ipdl I a, b, c, d e Z 17 }, ip = 16, 

l 2 = 1 and (i F I) 2 = 161}; 1 < i < 8 } be a neutrosophic complex 

modulo integer linear algebra over the field F = Zi 7 . Clearly V is 
finite dimensional over Zi 7 . 

Consider 

Pi = {(xi, 0, x 2 , 0, 0, 0, 0, 0) I x ls x 2 e C«Z 17 ul))}c V, 

P 2 = {(0, x ls 0, x 2 , 0, 0, 0, 0) I x ls x 2 e C«Z 17 ul))}c V, 

P 3 = {(0, 0, 0, 0, x ls x 2 , 0, 0) I x ls x 2 e C«Z 17 uI))}cV and 
P 4 = {(0 0 0 0 0 0 Xj x 2 ) I Xj, x 2 e C «Z 12 uI))}cV 
be a collection of complex neutrosophic modulo integer linear 

4 

subalgebras of V over Z i7 . Clearly V = [J P ; P, n P, = (0 0 0 0 

i=l 

0 0 0 0) if i ^ j, 1 < i, j <4. Thus V is a direct sum of linear 
subalgebras. 

Take N = { (x 4 , x 2 , x 3 , x 4 , x 5 , x 6 , x 7 , x 8 ) I x ; e C(Z 17 ) and x ; = 
a;i F ; ai e Zi 7 ; ip = 16 }c V; clearly N is a pseudo complex 
neutrosophic complex modulo integer pseudo vector subspace 
of V over Zi 7 . Clearly N is not a pseudo complex neutrosophic 
complex modulo linear subalgebra of V over Z i7 . 

Take B = {(xi, x 2 , x 3 , x 4 , x 5 , x 6 , x 7 , x 8 ) I x ; e C(Z n ) where x ; 
= a + bi F with a, b e Z 17 ; i 2 = 16} c B; clearly B is a pseudo 
complex neutrosophic complex modulo integer linear 
subalgebra of V over Zi 7 . 

For if x = (2i F , 0, i F , 8i F , 3i F , 0, i F , 8i F ) is in N we see x.y = 
(2ip, 0, i F , 8i F , 3i F , 0, i F , 8i F ). (3i F , 9i F , i F , i F , 0, 8i F , i F , 9i F ) = 
(6.16, 0, i F i F , 8 i F i F , 3i F 0, 0, 8i F , i F . i F , 8i F , 9i F ) = (11, 0, 16, 0, 
0, 16, 4) g N. Thus N is not closed under product so N is not a 
pure complex modulo integer linear algebra over Z 17 . 

Let A = {(Xi, x 2 , ..., x 8 ) I X; e (Z 17 u I) = {a + bl I a, b e 
Zj 7 , I 2 = I; 1 < i < 8} c V; V is a pseudo neutrosophic complex 
neutrosophic modulo integer sublinear algebra of V over Zi 7 . 
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Consider B = {(xi, x 2 , x 8 ) I x ; e Z i7 1 = { al I a e Zn, I 2 = 

I; 1 < i < 8 } c V be a pure neutrosophic pseudo neutrosophic 
complex modulo integer linear subalgebra of V over Zi 7 . 

Now we can proceed onto define other properties which can be 
treated as a matter of routine we would provide more illustrate 
examples. 

Example 3.31: Let 

a i a 2 a 3 

M = < &4 &s ai eC«Z„uI» 

a 7 a 8 a 9 
_ a i0 a il a i2 _ 

= {a + bi F + cl + ipdl I a, b, c, d e Z n ; i F = 10, l 2 = I; (i F I) 2 = 
101}; 1 <i< 12} and 

a 3 a 4 

N = \ as a6 ai e C «Z„ u I» 
a 7 a 8 

a 9 a 10 

_ a il a i2 _ 

= {a + bi F + cl + ipdl I a, b, c, d e Z n \ i 2 = 10, l 2 = I; (i F I) 2 = 

101}; 1 < i < 12} be two neutrosophic complex modulo integer 
vector spaces over Z n - 

Consider T: M — > N defined by 
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for every 



a i 

a 4 

a 7 



a 2 

a s 

a 8 



a 3 

a 6 

a 9 



e M. 



L a iO a il a i2j 

T is a linear transformation of M to N. 



We can define several other linear transformations from M to N. 



Example 3.32: Let 



M = 



a i £ C ((Z19 U I)) 



= {a + bi F + cl + ipdl I a, b, c, d e Z19 ; ip = 18, l 2 = I; (i F I) 2 = 
181}; 1 <i< 12} be a neutrosophic complex modulo integer 
vector space over the field Z19. Define T : M — > M by 



f 


1 


a 2 


a 3 _ 






1 


0 


a 3 _ 




a 4 


a 5 


a 6 






0 


a 5 


0 




a 7 


a 8 


a 9 






a 7 


0 


a 9 


V 


1 

O 


a il 


to 

1 


J 




0 


a ll 


0 



T is a linear operator on M. Several such linear operators can be 
defined. 

Suppose 



W = < 



0 

a 3 

0 



a i e (<Z 19 ul >);1 <i <6 



cM 



be a complex neutrosophic modulo integer vector subspace of 
M over Z i9 . 

We see T (W) c W; thus W is a invariant subspace of M 
over Z19. 
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Consider 



P = 



a i 

0 

a 4 

0 



a 2 

0 

a 5 

0 



a 3 

0 

a 6 

0 



a t e C(<Z 19 ul >);1 <i < 6 > 



cM; 



P is a complex neutrosophic modulo integer vector subspace of 
M over Z l9 . 

We see 



f 




a 2 


a 3~ 






i 


0 


a 3 




0 


0 


0 






0 


0 


0 




a 4 


a 5 


a 6 






a 4 


0 


a 9 


V 


0 


0 


0 


y 




0 


0 


0 



Thus P is also invariant under T. 
Consider q : M — > M given by 



f 


~ a l 


a 2 


a 3 _ 






1 


a 2 


a 3 




a 4 


a 5 


a 6 






a 4 


0 


a 6 




a 7 


a 8 


a 9 






a 7 


0 


a 9 


k 


1 

o 


a il 


NJ 

1 


) 




1 

s* 

o 


0 


a i 2 _ 



T) is a linear operator on M. But q (W) J W so W is not 
invariant under q. Further q (P) <X P so P is also not invariant 
under q, we can derive several properties like relating nullity 
and rank T with dimension of V, V a complex neutrosophic 
modulo integer vector space and T a linear transformation from 
V to W; W also a complex neutrosophic modulo integer vector 
space over the same field as that of V. We can combine two 
linear operators and find Hom z (V, V) and so on. 



Example 3.33: Let 



V = 




a io 

a 20 



a.e C«Z I3 uI»; 1 < i < 20} 



be a complex neutrosophic modulo integer vector space over the 
field Z 13 . 
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Define f : V -» Z 13 by 

a ~h 20 

10 = VRepart of (modl3) ; 

a 20 _) i=l 

f is a linear functional on V. 

Example 3.34: Let V = { (a i , a 2 j I a, e C «Z 7 u I)) = {a + bi F + 
cl + ipdl I a, b, c, d e Z 7 ; i 2 = 6, I 2 = I; (i F I) 2 - 61}; 1 < i < 2} 
be a neutrosophic complex modulo integer vector space over the 

field Z 7 . We define f : V -+ Z 7 by 

2 

f((ai, a 2 )) = ^ Re part of a i (mod 7) . 

i=l 

For instance f ((3 + 4i F + 61 + 4i F I), (6+2i F + 0.1 + 3i F I)) = 3 + 6 
(mod 1) = 2 (mod 7). 

Thus f is a linear functional on V. Suppose instead of 
defining neutrosophic complex modulo integer vector space V 
over a field Z p if we define V over Z n , Z n a S-ring then we call 
V as a Smarandache neutrosophic complex modulo integer 
vector space over the S-ring Z n . 

We will give examples of this situation. 

Example 3.35: Let 

a i a 2 ... a 8 

V = < a 9 a 10 ... a 16 a; e C ((Z 7 8 u I)) 

L a i7 a i8 ••• a 24 J 

= {a + bi F + cl + ipdl I a, b, c, d e Z 78 }, i 2 = 77, I 2 = 1 and (i F I) 2 

= 771}, 1 < i < 24} be a Smarandache complex neutrosophic 
modulo integer vector space over the S-ring Z 78 . 

Example 3.36: Let 

a i a 2 a 3 

V = < a . 4 a . 5 a . 6 a ; e C «Z 94 u I» 

|_ a 28 a 29 a 3oJ 



f T a, a 9 

f 1 2 

J a il a i2 
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= {a + bip+ cl + ipdl I a, b, c, d e Z 94 }, ip = 93, I 2 = I and (i F I) 2 

= 931}, 1< i < 30} be the S-neutrosophic complex modulo 
integer vector space over the S-ring Z 94 . 



Example 3.37: Let P = { (a 4 , & 2 , a 3 , a 4 , ..., a 2 o) I a, e C«Zi 0 u I)) 
= {a + bi F + cl + ipdl I a, b, c, d e Z i0 }, ip = 9, 1 2 = I and (i F I) 2 = 
91}, 1< ai < 20} be a S-neutrosophic complex modulo integer 
linear algebra over the S-ring Z 10 . 



Example 3.38: Let 




[a : 



i 

8 



a 2 

a 9 



a i e C ((Z3 4 U I)) 



= {a + bip+ cl + ipdl I a, b, c, d e Z 34 }, i 2 = 33, I 2 = 1 and (i F I) 2 

= 331}, 1 < i < 14} be a S-neutrosophic complex modulo integer 
vector space over the S-ring Z 34 . 



It is important and interesting to note that every S- neutrosophic 
complex modulo integer vector space over the S-ring is in 
general not a S-neutrosophic complex modulo integer linear 
algebra but always a S-neutrosophic complex modulo integer 
linear algebra over a S-ring is a vector space over a S-ring. 



Example 3.39: Let 



V = 



a; e C «Z 46 u I» 



= {a + bi F + cl + ipdl I a, b, c, d e Z 46 }, ip = 45, I 2 = 1 and (i F I) 2 
= 451}, 1< i < 18} be a S-neutrosophic complex modulo integer 
vector space over the S-ring Z 46 . 

Clearly V is not a S-neutrosophic complex modulo integer 
linear algebra over Z 46 . 
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Example 3.40: Let 

aj a 2 ... a 9 

V=j a 10 a u ... a 18 a ; e C «Z 14 u I» 

L a i9 a 20 ••• a 27 J 

= {a + bip+ cl + ipdl I a, b, c, d e Z 14 }, ip = 13, I 2 = 1 and (LI) 2 

= 131}, 1< i < 27} be a Smarandache complex neutrosophic 
modulo integer vector space over the S-ring Zi 4 . 

Consider 

aj 0 ... 0 

P= 0 0 ... 0 a p a 2 e «Z 14 ul» i cV 

_a 2 0 ... 0 

is a Smarandache complex neutrosophic modulo integer vector 
subspace of V over Z w . 

Take 

0 0 ... 0 aj a 4 

M = | 0 0 ... 0 a 2 a 5 a s e C«Z 14 ul));l <i < 6 1 c V 

0 0 ... 0 a 3 a 6 



is a Smarandache complex neutrosophic modulo integer vector 
subspace of V over Z w . 



To o ... oT 

P n M = 0 0... 0 cV 

IL° ° - °i 



is the zero subspace of V over Z !4 . 



Example 3.41: Let 





a i e C ((Z26 ^ I)) 
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= {a + bip+ cl + ipdl I a, b, c, d e Z 26 }, ip = 25, I 2 = I and (i F I) 2 

= 251}, 1< i < 18} be a S-neutrosophic complex modulo integer 
vector space of over Z 26 . 

Consider 



W 1 = 



a i 

0 



a 2 

0 



a 3 

0 



an a 2 , a3 e C «Z 22 u I)) 



0 0 0 



= {a + bip+ cl + ipdl I a, b, c, d e Z 22 }, i 2 = 21, I 2 = 1 and (i F I) 2 

= 211}} cV, 



0 0 0 



w 2 = 



a i a 2 a 3 
0 0 0 



ai, a 2 , a 3 e C «Z 22 ul))}c V, 



0 0 0 



0 0 0 
0 0 0 



w 3 = 



ai, a 2 , a 3 e C «Z 22 ul))}c V, 



0 0 0 



W 4 = 



0 

0 

0 

a l 



0 

0 

0 

a 2 



0 

0 

0 

a 3 



ai, a 2 , a 3 e C «Z 22 ul))}c V, 



0 0 0 
0 0 0 
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0 0 0 

0 0 0 

0 0 0 

W5 — < 0 0 0 a l> a 2> a 3 e C ((Z22 U I))}c V 

a i a 2 a 3 

[o 0 0 J 

and 

To 0 0 1 

000 
000 

W 6 = j ^ o Q ai, a 2 , a 3 e C «Z 22 uI»}c V 

0 0 0 

_ a i a 2 a 3_ 

be S-neutrosophic complex modulo number vector subspaces of 

6 

V. V = (J W t ; Wi n Wj = ( 0 ) if i * j; 1 < i, j < 6 . Thus V is the 

i=l 

direct sum of S-neutrosophic complex modulo integer vector 
subspaces of V over Z22. 

Example 3 . 42 : Let 

a i a 2 a 3 

V = < a 4 a 5 a 6 a ; e C «Z 34 u I» 
a 7 a 8 a 9 _ 

= {a + bip-i- cl + ipdl I a, b, c, d e Z 34 }, ip = 33 , I 2 = 1 and (i F I) 2 

= 331 }, 1 < i < 9 } be a Smarandache neutrosophic complex 
modulo integer vector space over the S-ring Z 34 . 

Take 

aj 0 a 2 

W 1= 0 a 3 0 ai, a 2 , a 3 e C «Z 34 ul))}c V, 

0 0 0 
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a 2 0 0 

W 2 =< a 3 a, 0 a b a 2 , a 3 e C «Z 34 ul))}c V, 

|_o 0 Oj 

aj 0 0 

w 3 = 0 a 2 a 3 a u a 2 , a 3 e C «Z 34 ul))}c V, 

[o 0 0 J 

aj 0 0 

w 4 = 0 0 a 3 a l5 a 2 , a 3 e C «Z 34 ul)))c V, 

a 2 0 0 

and 

aj 0 0 

w 5 = 0 0 0 a l5 a 2 , a 3 e C «Z 34 uI)))cV 

0 a 2 a 3 

be S-neutrosophic complex modulo integer vector subspaces of 
V over the S-ring Z 34 . Clearly 

ro o oi 

5 

1J W, ; Wi n Wj ^ 0 0 0 

1=1 [o 0 0 

if i ^ j; 1 < j, j < 5. So V is not a direct sum of Wi, W 2 , W 5 , 

but only a pseudo direct sum of W 3 , W 2 , . . W 5 of V. 

We can also define neutrosophic complex modulo integer 
vector space / linear algebra over (Z n u I). 

We will give only examples of them. 

Example 3.43: Let 

a i a 2 a 3 a 4 

3.r dlf- 3-c, 

v = 5 6 7 8 a; e C «Z 29 u I» 

a 9 a io a u a i2 

_ a i3 a i4 a i5 a i6 _ 
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= {a + bip+ cl + ipdl I a, b, c, d e Z 29 }, ip = 28, I 2 = I and (i F I ) 2 

= 281}, 1 < i < 16} be a neutrosophic complex neutrosophic 

modulo integer linear algebra over F = C «Z 2 9 u I)). 

Example 3.44: Let 

a i a 2 a 3 

V = . a . 4 a . 5 a . 6 a, g C «Z 40 u I» 

L a 31 a 32 a 33 _| 

= {a + bi F + cl + ifdl I a, b, c, d e Z 40 }, ip = 39, I 2 = 1 and (LI ) 2 

= 391}, 1< i < 33} be a neutrosophic complex neutrosophic 

modulo integer vector space over «Z 40 u I)). 



Example 3.45: Let 

IT a i a 2 a 3 




a 37 a 3B a 39 



a 4 

a . 8 a, g C«Z 29 u I» 

a 4 o _ 



= {a + bip+ cl + ipdl I a, b, c, d g Z 29 }, i 2 = 28, I 2 = I and (i F I ) 2 



= 281}, 1< i < 40} be a complex neutrosophic complex modulo 
integer vector space over the complex ring C(Z 29 ) = {a + bi F I a, 
be Z 29 }, i 2 = 28}. 



Example 3.46: Let 




= {a + bip+ cl + ipdl I a, b, c, d e Zi 2 }, ip 



C«Z 12 u I» 

= 11, 1 2 = I find (i F I ) 2 



= 111 }, 1 < i < 16} be a complex neutrosophic complex modulo 
integer linear algebra over the complex ring C (Z 42 ) = {a + bi F I 
a, b g Z 12 }, i 2 =11}. 
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Example 3.47: Let 



a i a 2 a 3 a 4 
a 5 a 6 a 7 a 8 

v= a, a 10 a u a 12 a ; e C «Z 16 u I» 

a i3 a i4 a i5 a i6 
L a i7 a i8 a i9 a 2oJ 

= {a + bip+ cl + ipdl I a, b, c, d e Zi 6 }, ip = 15, I 2 = 1 and (i F I) 2 
= 151}, 1< i < 20} be a complex neutrosophic complex modulo 
integer vector space over the complex ring C (Zi 6 ) = {a + bi F I a, 
be Z 16 }, i 2 = 15}. 

a 2 a 3 a 4 

a 6 a 7 a 8 a ; e C «Z 14 u I» 

a i0 a il a i2 _ 

= {a + bip+ cl + ipdl I a, b, c, d e Z w }, i 2 = 13, I 2 = 1 and (i F I) 2 

= 131}, 1< i < 12} be a strong neutrosophic complex modulo 
integer vector space over the complex neutrosophic modulo 
integer ring C «Zi 4 u I)). Clearly dimension of V over S is 12. 

Example 3.49: Let 

a i a 2 

v = a : 3 a . 4 a, e C «Z 13 u I» 

L a i9 a 22 oJ 

= {a + bip+ cl + ipdl I a, b, c, d e Zi 3 }, i 2 = 12, I 2 = 1 and (i F I) 2 
= 121}, 1< i < 20} be a strong neutrosophic complex modulo 



Example 3.48: Let 
T a i 

V= \ a 5 

L a 9 
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integer vector space over the modulo integer ring C ((Z13 u I)). 
V is finite dimensional and dimension of V over S is 20. 

Example 3.50: Let 

a i a 2 a 3 

V = < a 4 a 5 a 6 a ; e C «Z 43 u I» 
a 7 a 8 a 9 _ 

= {a + bip+ cl + ipdl I a, b, c, d e Z 43 }, ip = 42, I 2 = 1 and (i F I) 2 

= 421}, 1< i < 9} be a special complex neutrosophic modulo 
integer vector space over the neutrosophic complex modulo 
integer ring S = C «Z 43 u I)). 

Consider 

Ti 0 01 ro 1 01 ro 0 n ro o oi ro o o~ 

B = J 0 0 0,0 0 0,0 0 0,1 0 0,0 1 0, 

|_o 0 oj [o 0 oj |_o 0 oj [o 0 oj [o 0 0 

'0 0 01 ro 0 01 ro 0 01 ro o oT 

0 0 1,0 0 0,0 0 0,0 0 0 1 c V, 

0 0 oj [i 0 oj [o 1 oj [o 0 lj 

B is a basis of V over S. Clearly dimension of V over S is nine. 

However if S is replaced by (Z 43 u I) or Z 43 or C (Z 43 ) the 

dimension is different from nine. 

Example 3.51: Let 

^2 ^3 ^4 

V = < a 5 a 6 a 7 a 8 a ; e C «Z 37 u I» 

_ a 9 a i0 a il a i2 _ 
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= {a + bip+ cl + ipdl I a, b, c, d e Z 37 }, ip = 36, I 2 = I and (i F I) 2 
= 361}} be a strong neutrosophic complex modulo integer 
vector space over the ring S = C «Z 37 u I)). 

Take 

^3 &4 

W= 0 0 0 0 a t e C «Z 37 u I»; 1< i < 8} 

a 5 a 6 a 7 a 8 _ 

c V, W is a strong neutrosophic complex modulo integer vector 
space. 

Consider 

To o o o 1 

P = < aj a 2 a 3 a 4 a ; e C (Z 37 ) 

|_0 0 0 oj 

= {a + bi F I a, b e C(Z 37 )}, i 2 = 36, c C «Z 37 u I))}; 1< i < 4} 

c V, P is only a pseudo strong complex neutrosophic complex 
modulo integer vector subspace of V over C (Z 37 ). Clearly P is 
not a strong vector subspace of V over C ((Z 37 u I)). 

Consider 

0 a, 0 a 2 

B = J 0 0 a 3 0 a; e C «Z 37 u I» 

0 0 a 6 a 5 

= { a + bi F I a, b e Z 37 }, I — I,; 1< i < 6} c V; B is only a pseudo 
neutrosophic strong neutrosophic complex modulo integer 
vector subspace of V over the neutrosophic field (Z 37 u I) c 
C«Z 37 u I)). Clearly B is not a strong vector subspace of V over 
C«Z 37 uI». 

Consider 

&2 ^3 ^4 

C = < a 5 a 6 a 7 a 8 a { e Z 37 ; 1< i < 12} 

_ a 9 a io a n a i2 _ 
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c V, C is only a usual modulo integer vector space over Z 43 . 
Thus C is a pseudo strong usual modulo integer neutrosophic 
complex vector subspace of V over Z 37 c C((Z 37 u I)). Clearly 
C is not a strong vector space over C((Z 37 u I)). Thus we have 
the following theorem. 



THEOREM 3.3: Let V be a strong neutrosophic complex modulo 

integer vector space / linear algebra over C ((Z p ul)). 

Then 

i. V has pseudo complex strong neutrosophic complex 
modulo integer vector subspace / linear subalgebra over C 
(Z p ) = {a + bi F I a, b e Z p , i 2 F = p - 1 cC ( (Z p ul)). 

ii. V has pseudo neutrosophic strong neutrosophic complex 
modulo integer vector subspace / linear subalgebra over 
(Z p ul) = {a + bl \ a, b e Z p , I 2 = 1} uC ({Z p ul)). 

Hi. V has pseudo real modulo integer strong neutrosophic 
complex vector subspace / linear subalgebra over Z p cz C 
({Z p ul)). 

Proof is simple and hence is left as an exercise to the reader. 



Example 3.52: Let 



V = 




a 2 

a 4 



a, e C «Z 2 u I» 



= {a + biF+ cl + ipdl I ip = 1, 1 2 = I and (i F I) 2 = 1}. 1< i < 4} be a 
strong neutrosophic complex modulo integer linear algebra over 
the neutrosophic complex modulo integer ring. 



C«Z 2 u I» M = 



a 2 

a 4 



a s e C(Z 2 ); 1< i < 4} cV 



be a pseudo real strong neutrosophic complex modulo integer 
linear subalgebra of V over Z 2 c C«Z 2 u I)). 

Clearly M is not a strong neutrosophic complex modulo 
integer linear subalgebra of V over C((Z 2 u I)). 
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Consider 



P = 




a 2 

a 4 



ai e C (Z 2 ); 



{a + bi F I ip = 1, a, b e Z 2 }; 1 < i < 4} c V; P is a pseudo 
complex strong neutrosophic complex modulo integer linear 
subalgebra of V over C(Z 2 ) c C((Z 2 u I)). 

Clearly P is not a strong complex neutrosophic modulo 
integer linear subalgebra of V over C((Z 2 u I)). 



B = 




a 2 

a 4 



a, e C «Z 2 u I» 



= {a + bl I a, b e Z 2 , I 2 = 1} c C«Z 2 u I»; 1< i < 4} c V, is a 
pseudo neutrosophic strong complex neutrosophic complex 
modulo integer linear subalgebra of V over (Z 2 u I). Clearly B 
is not a strong complex neutrosophic modulo integer linear 
subalgebra of V over C«Z 2 u I)). 



Now we proceed onto define the notion of set neutrosophic 
complex modulo integer vector space over a set. 



DEFINITION 3.3: Let V be a set of elements from C ({Z n u I)) 
(the elements can be matrices with entries from C ((. Z„ ul)) or 
polynomial with coefficients from C ( (Z n ul)). Suppose S cZ n 
be a subset of Z„. If for all v e V and s e S, sv - vs e V then we 
define V to be a set neutrosophic complex modulo integer vector- 
space over the set S cZ n . 



We will give examples of this situation. 



Example 3.53: Let 





x i 






r 10 

V = y ¥i , (Xj, x 2 , x 3 , x 4 , x 5 ), 


x 2 


9 


a i a 2 a 3 


Ito 


_ X 7 _ 




a 4 a 5 a 6 _ 



ai, Xj e C«Z 7 u I)); 0 < i < 10, 1 < j < 7} be a set complex 
neutrosophic vector space over the set { 0, 1 , 5 } c Z 7 . 
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Example 3.54: Let 



Xi x 2 x 3 
x 4 x 5 x 6 

x 28 x 29 x 30 

X; g C«Z 19 u I)); 1 < i < 30} be a set neutrosophic complex 
modulo integer vector space over the set S = {0, 1, 1 1, 12, 4, 7} 
C Z19. 

Example 3.55: Let 






a; g C«Z 47 cj I)) l + bi F + cl + ipdl I a, b, c, d g Z 47 }. ip =46, 

I 2 = I and (i F I) 2 = 461 } , 1 < i < 9 } be a set neutrosophic complex 
modulo integer vector space over the set S = {0, 1, 7, 16, 19, 42, 
43} cZ 47 . 

Example 3.56: Let 



1 

& 


a 2 


P 

u> 

1 








a 4 


a 5 


a 6 


3.1 


a 4 l 










[_ a 42 a 43 


P 

OO 

to 


1 

P 

to 

00 


a 29 


a 30_ 









aj g C«Z 19 I))i {a + bip+ cl + ipdl I a, b, c, d g Zj 9 }, i F — 18, 
l 2 = I and (i F I) 2 = 18i F }, 1 < i < 82} be a set complex 
neutrosophic modulo integer vector space over the set S = { 0, 1 , 
2, 14, 10,5, 16} cZ 19 . 
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Let us now give examples of set complex neutrosophic 
vector subspaces and subset neutrosophic complex modular 
integer subspaces of a vector space. The definition is left as an 
exercise. 




a io 

a 20_ 



1 

^p 


a 2 


a 3 


P 

1 




a 5 


a 6 


a 7 


P 

00 


1 

p 

to 

1 


a 9 


a io 


a il 


a i2 


L a 3 a 4 J 


_ a i3 


a i4 


a i5 


^p 

os 

1 





€= C ((Zj\ 9 cj I)); {a + bi F + cl + ifdl I a, b, c, d s Z 19 }, i F — 18, 

l 2 = 1 and (i F I) 2 = 181}, 1 < i < 20} be a set neutrosophic 
complex modulo integer vector space over the set S = {I, 0, 1, 2, 
2 + 31, 18, 151, 61, 8 + 51} c <Z 19 u I). 

Consider 
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a, a 2 0 0 

aj 0 0 0 a 3 a 4 

_a 2 0 a 6 0 0 a 5 

0 a 7 a 8 0 

ai g C«Zi9 u I)); 1 < i < 10} c V, P is a set complex 
neutrosophic modulo integer vector subspace of V over the set 
S. 



Consider 




ai g C ((Z19 u I)); 1< i < 9} c V, B is a subset complex 
neutrosophic vector subspace of V over the subset S = {0, 1, 2, 
18,61,8 + 51} c(Z 19 uI). 
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Example 3.58: Let 



(i\ &-) 



V = 






3 ., cl-. 



•Z a . x ‘ 



a i e c ((Z43 U I)) 



a 28 a 29 a 30 



= {a + bip+ cl + ipdl I a, b, c, d e Z 43 }, ip = 42, I 2 = I and (i F I) 2 
= 421}, 0< i < 30} be a set neutrosophic complex modulo 
integer vector space over the set S = {0, 2, 22, 19, 1} c C«Z 43 u 
I». Take 



P = 




a 2 

a 4 




i=0 



a, b, c, d, ai e C((Z 43 u I)); 0 < i < 12} 



c V; P is a set neutrosophic complex modulo integer vector 
subspace of V over S. 



Example 3.59: Let 



V = 




a l 

a 4 


a 2 a 3 

a 5 a 6 


9 


1 

p 

to 


a i9 


a i a 2 a 5 






_ a 28 


a 29 a 30. 




_ a 20 a 21 


• a 38_ 


_ a 3 a 4 a 6 _ 



a ; e C «Z 23 CJ I)) — { a + bi F + cl + ipdl I a, b, c, d s Z 23 }, i F — 

22, l 2 = 1 and (i F I) 2 = 221}, 1< i < 30} be a set neutrosophic 
complex modulo integer vector space over the set S = {0, 1, 5, 
20, 18, 7}c Z 23 . 

Take 

To o o 1 

a i a 2 a 3 



a 4 a 5 a 6 




0 aj 


0 . 


■ 01 


a i o a 2 ] 


0 0 0 


9 


0 a 2 


0 . 


o ' 


1 

O 

P 

u> 

o 

1 



[L° 0 I 

a; g C«Z 23 u I)); 1< i < 6} c V; M is a set complex 
neutrosophic modulo integer vector subspace of V over S. 
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Now we provide examples of set neutrosophic complex 
modulo integer linear algebra over the set S. 

Example 3.60: Let 

29 
i=0 

a[ g C ((Zn cj I)) — {a + bip+ cl + ipdl I a, b, c, d g Zn}, i F — 
10, l 2 = 1 and (LI) 2 = 101}, 0< i < 72} be a set neutrosophic 
complex modulo integer vector space over the set S = { 1 , 2, 0, 

0 0 01 

a 2 a 3 a 4 
0 0 0 

0 0 0 J 

a; g C ((Z n u I)); 0 < i < 10} c V, B is a set neutrosophic 
complex modulo integer vector subspace over the set S. 

Now we see in example 3.60 we cannot define addition on 
V. So V is not a linear algebra. 



1+31, 1, 21+1 }. Consider 



B = 



0 aj 0 

a 2 0 a 3 



•iv. 



0 

a l 

0 



V = 



cl. cl 0 



cii cip 



&70 &71 &7 



Example 3.61: Let V = 




cti ^ C«Z 17 ^ I)) — {<1 + bip+ 



L i=° I 

cl + ipdl I a, b, c, d g Z 17 }, i 2 = 16, 1 2 = I and (i F I) 2 = 161}, 0 < i 

< 25} be a set neutrosophic complex modulo integer linear 
algebra over the set S = {0, 1,4, 10, 12}. 



Example 3.62: Let V = 




a; g C ((Zn tj I)) — {a + bip+ 



l>0 I 

cl + ipdl I a, b, c, d g Z 17 }, i l = 16, 1 2 - I and (i F I) 2 = 161}, 0 < i 
< 25} be a set neutrosophic complex modulo integer linear 
algebra over the set S = {0, 1,4, 10, 12}. 
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Example 3.63: Let 

a i a 2 a 3 

d A 3<- 3z- 

B = < , 4 , 5 , 6 ai e C«Z 37 u I» 

1_ a 28 a 29 a 3oJ 

= {a + bi F + cl + ipdl I a, b, c, d e Z 37 }, ip = 36, I 2 = I and (i F I) 2 
= 36I},1< i < 30} be a set neutrosophic complex modulo integer 
linear algebra over the set S = {0, 1,2, 3, 10, 18, 23, 31 }. 

Example 3.64: Let V = { (a 3 , a 2 , ..., a i3 ) I a ; e C«Z 3 i ul)) = (a 
+ bip+ cl + ipdl I a, b, c, d e Z 3 i}, i 2 = 30, l 2 = I and (i F I) 2 = 

301}, 1 < i < 31} be a set neutrosophic complex modulo integer 
linear algebra over the set S = { 0, 1,30}. 

We give examples of linear subalgebras. 

a i a 2 a 3 

Example 3.65: Let V = -j a 4 a 5 a 6 a, e C ((Z 43 u I)) = (a 

a 7 a 8 a 9 _ 

+ bip+ cl + ipdl I a, b, c, d e Z 42 }, ip = 42, l 2 = I and (i F I) 2 = 

421}, 1< i < 9} be a set complex neutrosophic modulo integer 
linear algebra over the set S = {0, 4, 8, 24, 9, 41, 39}. We see on 
V we can define yet another operation product; so V becomes a 
set neutrosophic complex modulo integer strong linear algebra 
over S. We have the following interesting observations related 
with such the set algebras. 

THEOREM 3.4: Let V be a set complex neutrosophic modulo 
integer strong linear algebra over the set S. 

( i) V is a set complex neutrosophic modulo integer 
linear algebra over the set S. 

(ii) V is a set complex neutrosophic modulo integer- 
vector space over the set S. 

However the converse of both (i) and (ii) are not true in 
general. 
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Example 3.66: Let 

a i a 2 a 3 

d A 3<- cl;- 

V = 4 5 6 a ; e C«Z 23 u I» 

3.J 3g dig 

_ a iO a il a i2 _ 

= {a + bip+ cl + ipdl I a, b, c, d g Z23}, ip = 22, I 2 = I and (i F I) 2 
= 221}, 1< i < 12} be a set complex neutrosophic modulo 
integer linear algebra over the set S = { 201, 0, 1 + 41, 5 } . 

Clearly V is not a set complex neutrosophic modulo integer 
strong linear algebra over the set S. 

However V is a set complex neutrosophic modulo integer 
vector space over the set S. This proves the converse part for the 
claim (1) of theorem 3. 

Example 3.67: Let 







a i 


a 2 


a 3 1 


[ a i 


a 2 l 


a 4 


a 5 


a 6 




,( a i, a 2 , a 3, a 4, a 5, a ^, a 7, a g, a g), 








L a 3 


a 4 J 


_ a 28 


a 29 


a 30_ 



ai g C«Zn cj I)) — {a + bip+ cl + ipdl I a, b, c, d g Z30}, i F — 10, 

l 2 = I and (LI) 2 = 1 II}, 1< i < 30} be a set complex neutrosophic 
modulo integer vector space over the set S = {0, I, 1+1, 5+61, 
101 + 3}. Clearly V is not set complex neutrosophic modulo 
integer linear algebra over the set S. Further it is not a strong 
linear algebra as it is not even a linear algebra. Hence converse 
of (ii) of theorem is verified. 

Example 3.68: Let V = { (a ls a 2 , ..., an); where a, g C «Z 6 7 u 
I))= {a + bip+ cl + ipdl I a, b, c, d g Z 6 7}, ip = 66, I 2 = 1 and 

(ipl) 2 = 661}, 1< i < 11} be a set complex neutrosophic modulo 
integer strong linear algebra over the set S = {0, 1, I, 20 + 331, 
40 + 41, 5+171, 201 + 41}. Clearly V is a set complex 
neutrosophic modulo integer linear algebra over the set S. V is 
also a set complex neutrosophic modulo integer vector space 
over S. 
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Now we will give examples of these structures. 



Example 3 . 69 : Let 
V = 



< 1 , 



a, e C «Z 13 u I» 



= {a + bip+ cl + ipdl I a, b, c, d e Z13}, ip = 12 , l 2 = I and (i F I) 2 
= 121}} be a set complex neutrosophic modulo integer strong 
linear algebra over the set S = { 0 , 1 , 2 , 5 , 7 , 10 , 0 }. 



W = 



0 a. 



a ; e C «Z 13 uI»; l<i< 3 }cV 



is a set complex neutrosophic modulo integer strong linear 
subalgebra of V over S. 



P = 



0 0 



a, e C «Z 13 u I»; l<i< 2 }cV 



is also set complex neutrosophic modulo integer strong linear 
subalgebra of V over S. 

Take 



M = 




a i 

0 



a; e C «Z 13 u I»; 1 < i < 2 } c V, 



M is only a pseudo set complex neutrosophic strong linear 
subalgebra of V over S as M is not a strong set linear subalgebra 
of V over S as product is not defined on M. 

If we take 



P = 



1 


01 


1 

o 


«1 


[0 a 3 l 


1 

o 


o ' 


1 

p 

to 


o ' 


— i 

o 
o | 



&2, a 3 e C «Z, 3 u I))} 



c M, P is only a pseudo set complex neutrosophic modulo 
integer subspace of V over S as in P we see the sum of two 
elements. 





a, 0 




0 a. 


X = 


1 


and y 


j 




0 0 




0 0 



is x + y = 


a i 


0" 


+ 


0 a, 





^3 


_0 


0 




0 0 




o 

o 


Hence the claim. 
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Example 3. 70: Let 

a i a 2 a 3 

V = < a 4 a 5 a 6 a F a2, a 3 e C((Z|9 u I)) 
a 7 a 8 a 9 _ 

= {a + bi F + cl + ifdl I a, b, c, d e Z i9 } , ip = 18, I 2 = 1 and (i F I) 2 
= 181}} be a set complex neutrosophic modulo integer strong 
linear algebra over the set S = {0, 1, 1+3, 9+81, 3, 21}. 

Consider 

Ta 0 01 

Pi= \ 0 0 0 ae«Z 19 uI» cV 

|_o 0 oj 
To o ol 

and P 2 =io 0 0 be«Z l9 uI» cV 

|_0 0 bj 

be a set complex neutrosophic modulo integer strong linear 
subalgebra over S of V. 

However we may not be in a position to write V as a direct 
sum of strong linear subalgebras. 

Example 3.71: Let V = { (ai, a 2 , a 3 , a 4 , as, a6, a 7 , a 8 ) I a; e C «Z 5 
ul))= {a + bip+ cl + ipdl I a, b, c, d e Z59}, i 2 = 4, l 2 = 1 and 
(i F I) 2 = 41 } } be a set neutrosophic complex modulo integer 
strong linear algebra over the set S = {0, 1, 1 + 3, 21 + 4}. 

Consider Pi = { (ai, a 2 , 0 0 0 0 0 0 ) I ai a 2 e C «Z 5 ul))} c 
V, P 2 - {(0, 0, a ls a 2 , 0 0 0 0) I a ls a 2 e C «Z 5 ul))}c V; P 3 - 
{(0, 0, 0, 0, ai , a 2 , 0 0 ) I a ls a 2 e C «Z 5 uI))}cV and P 4 = {(0 

0 0 0 0 0, a ls a 2 ) I a 1; a 2 e C «Z 5 ul»}c V; P b P 2 , P 3 and P 4 
are set complex neutrosophic modulo integer strong linear 
subalgebras of V over the set S. 

4 

Clearly V = Clearly (JP, ; P, n P, = (0 0 0 0 0 0 0 0) if 

i=l 

1 7^ j; 1 < j, j < 4. V is a direct sum of strong linear subalgebras 
over the set S. Let us consider the following examples. 
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Example 3. 72: Let 

a i a 2 a 3 

V = < a 4 a 5 a 6 a ; e C «Z 3 u I» 

a 7 a 8 a 9 _ 

= {a + bip+ cl + ipdl I a, b, c, d e Z 3 }, ip = 2, I 2 = I and (LI) 2 = 

21}; 1 < i < 9} be a set complex neutrosophic modulo integer 
strong linear algebra over the set S = {0, 1, 1+1, 2+21, 2}. 
Consider 

0 0 aj 

Pi=J 0 a 2 0 ai eC«Z 3 uI));l<i<3 c V, 

_a 3 0 0 

a i a 2 0 

P 2 =< a 3 0 0 a, e C((Z 3 ul));l <i <3 > c V and 

|_o o oj 
To o ol 

P 3 =|o 0 a j a i eC«Z 3 uI»;l<i<3 cV 
0 a 2 a 3 

are only pseudo set complex neutrosophic modulo integer 
strong linear subalgebras of V. They are pseudo strong as they 
are not closed under product, that is product is not closed on P h 
P 2 and P 3 . 

3 

But we see V = [^JPj ; Pi n Pj = (0) if i =£ j; 1 < j, j < 3. Thus 

i=l 

V is only a pseudo direct sum and not a direct sum of strong 
linear subalgebras. Now having seen properties one can define 
linear transformations provided they are defined on the same 
set. 

Example 3. 73: Let 

a i a 2 a 3 

V = < a 4 a 5 a 6 a; e C ((Z 33 u I)) 

a 7 a 8 a 9 _ 
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= {a + bip+ cl + ipdl I a, b, c, d e Z 3 }, ip = 12, 1 2 = I and (i F I) 2 = 



121}; 1 < i < 9} be a set neutrosophic complex modulo integer 
strong linear algebra defined over the set S = { 0, 1, 41, 2 + 71, 91, 
8,1 + 31}. 

Consider 





1 


a 2 


a 3 


P 

1 




a 5 


a 6 


a 7 


a 8 




a 9 


a io 


a ll 


a i 2 




_ a i 3 


a i4 


a i5 


OS 

1 



a, e C «Z 13 u I» 



= {a + bi F + cl + ipdl I a, b, c, d e Zi 3 }, i 2 = 12, I 2 = 1 and (i F I) 2 



= 12I};1< i < 16} be a set neutrosophic complex modulo integer 
strong linear algebra over the same set S. 

We define T : V — > M by 

aj a 2 a 3 0 

a 4 a s a 6 0 

a 7 ag a 9 0 
0 0 0 0 





f 


a l 


a 2 


a 3 


T 




a 4 


a 5 


a 6 




V 


a? 


a 8 


a 9 



T is a strong linear transformation from V to M. 
Suppose we define P : V — > M by 



/ 


_ 




_ 


IS 


a l 


a 2 


a 5 


0" 






a j 


a 2 


a 3 




























a 3 


a 6 


0 


0 


P 




a 4 


a 3 


a fi 




— 














4 


D 


o 






a 4 


0 


0 


0 






_a 7 


a 8 


a 9_ 


) 




0 


0 


0 


0 



P is not a strong linear transformation from V to M only a linear 
transformation from V to M. 

We can derive all related properties with appropriate 
modifications. This task is left as an exercise to the reader. 

Now we proceed onto define the notion of semigroup 
neutrosophic complex modulo integer vector spaces / linear 
algebras over a semigroup. 
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DEFINITION 3.4: Let V be a set neutrosophic complex modulo 
integer vector space over the set S. If S is an additive semigroup 
then we define V to be a semigroup complex neutrosophic 
modulo integer vector space over the semigroup S. 



We will give examples of this situation. 



Example 3. 74: Let 



V = 



Z a . x '’ 



a io 

a 20 

a 30 



a i 

a 2 



a i e C ((Zi9 U I)) 



= {a + bi F + cl + ipdl I a, b, c, d e Z i9 }, ip = 18, I 2 = 1 and (i F I) 2 

= 1 81 } ; 0 < i < 30 } be semigroup complex neutrosophic modulo 
integer vector space over the semigroup Z [9 . 



Example 3. 75: Let 

















a i 


a 2 


a 3 ] 




a l 


a 2 


a 3 


a 4 














a 5 


a 6 


a 7 


a 8 


, (clj , 3^2’* 


9 

•’ a 2())’^ a i X ’ 


a 4 


a 5 


a 6 














i=0 










_ a 9 


a io 


a il 


a i 2 _ 


























_ a 31 


a 32 


a 33 _ 



ai e C «Z 6 i u I))= {a + bip+ cl + ipdl I a, b, c, d e Z 19 }, i 2 = 60, 

l 2 = 1 and (i F I) 2 = 601}; 0 < i < 33} be a semigroup complex 
neutrosophic modulo integer vector space over the semigroup 
C (Z^i) = {a + bi F I a, b e ip =60}. 

Example 3. 76: Let 





a i 


a 2 


a 3 






























a i 


a 2 • 


■ a i4 




a i 


a 2 


a 3 






a 4 


a 5 


a 6 


















9 (^p ^2’***’^25^ 










9 


a i5 


a i6 " 


.. a 28 


9 


a 4 


a 5 


a 6 












a 29 


a 30 • 


• a 42 




_ a 7 


a 8 


V 






_ a 37 


a 38 


a 39 _ 
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a; e C «Z 23 u I»= {a + bi F + cl + ipdl I i 2 = 22, 1 2 = I and (i F I ) 2 

= 221}; 1 < i < 42} be a semigroup neutrosophic complex 
modulo integer vector space over the semigroup S = (Z 23 ). 

We can define semigroup complex neutrosophic modulo integer 
linear algebra over a semigroup S under addition. We give only 
examples of them. 

Example 3.77: Let 

a i a 2 a 3 a 4 

ci-r 3f- 3-j So 

V = I , 5 , 6 , 7 , 8 a, e C «Z 29 u I» 

|_ a 37 a 38 a 39 a 4oJ 

={a + bi F + cl + ipdl I a, b, c, d e Z 29 }, i 2 = 28, 1 2 = I and (i F I ) 2 = 

281}; 1 < i < 40} be a semigroup neutrosophic complex modulo 
integer linear algebra over the semigroup Z 29 = S. 

Example 3. 78: Let 

a i a 2 ••• a i2 

V=< a i3 a, 4 - a 24 a . G c«z 17 ul» 

a 23 a 24 ••• a 36 

a 37 a 38 ... a 48 j 

={a + bi F + cl + ipdl I a, b, c, d e Z 16 }, i 2 = 16, 1 2 = I and (i F I ) 2 = 

161}; 1 < i < 48} be a semigroup neutrosophic complex modulo 
integer linear algebra over the semigroup S = Z 17 . 

Example 3. 79: Let 

a i a 2 a 3 a 4 
3-r (if- 3.-J a 8 

V = l 5 6 7 8 a; e C «Z 7 u I» 

a 9 a 10 a u a 12 

_ a i 3 a 14 a 15 a 16 _ 
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= {a + bip+ cl + ipdl I a, b, c, d e Z 7 }, ip = 6, I 2 = I and (i F I) 2 = 

61}; 1 < i < 16} be a semigroup neutrosophic complex modulo 
integer linear algebra over the semigroup S = Z 7 . 

Example 3.80: Let V = { (ai, a 2 , a 2 s) la ; e C «Z 13 u I))= {a 
+ bip+ cl + ipdl I a, b, c, d e Zi 3 }, i 2 = 12, l 2 = I and (i F I) 2 = 
121} 1 < i < 25} be a semigroup complex neutrosophic modulo 
integer strong linear algebra over the semigroup S = Z J3 . 

We have three types of substructures associated with 
semigroup neutrosophic complex modulo integer strong linear 
algebra. 

Example 3.81: Let 

a i a 2 a 3 

V = < a 4 a 5 a 6 a ; e C «Z 19 u I» 
a 7 a 8 a 9 _ 

= {a + bip+ cl + ipdl I a, b, c, d e Z i9 }, i 2 = 18, I 2 = 1 and (i F I) 2 
= 1 8 1 } ; I < i < 9 } be a semigroup complex neutrosophic modulo 
integer strong linear algebra over the semigroup S = (Zi 9 u I). 

a i a 2 a 3 

W= 0 a 4 a 5 a; e C «Z 19 u I))’; 1 < i < 6} 

° 0 a 6 _ 

be semigroup complex neutrosophic modulo integer strong 
linear subalgebra of V over the semigroup S. 

Take 

a 4 0 0 

M= 0 a 2 0 a,e C«Z 19 uI»’; 1 < i < 3}, 

0 0 a 3 

a semigroup complex neutrosophic modulo integer strong linear 
subalgebra of V over the subsemigroup T = Zi 9 c S. 
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aj a 2 0 

B = j a 3 0 0 ai e C «Z 19 u I»; 1 < i < 3} cV 

|_o 0 Oj 

is only a pseudo semigroup complex neutrosophic modulo 
integer strong linear subalgebra of V over S. Clearly B is not 
closed with respect to product as 

aj a 2 0 x y 0 a 3 x + a 2 z a^ 0 
a 3 0 0 z 0 0 = a 3 x a 3 y 0 g B 

0 o oj |_o 0 oj |_ 0 0 0 

where as 

aj a 2 0 x y 0 

a 3 0 0 and z 0 0 

0 0 oj |_0 0 0 

are in B. Hence B is only a semigroup complex 

neutrosophic modulo integer linear subalgebra over the 
semigroup which is not a strong linear subalgebra over the 
semigroup S. Take 

Taj 0 01 [0 0 OlTO 0 a 3 l 

P= J 0 0 0,0 0 0,0 0 0 

|_0 0 OJ |_0 0 a 2 J [o 0 0 J 

ai, a 2 , a 3 e C ((Z l9 u I))} c V, P is only a pseudo semigroup 
neutrosophic complex modulo integer pseudo vector subspace 
of V over S. Clearly V is not closed with respect to addition or 
multiplication. Hence we see we can define several types of 
substructures in case of strong linear algebras defined over 
semigroups. 

Example 3.82: Let 
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Hi £ C ((Z47 CJ I)) — { a + bip+ cl + ipdl I a, b, c, d c Z47}, i F — 
46, I 2 = I and (i F I) 2 = 461}} be a semigroup neutrosophic 
complex modulo integer vector space over the semigroup S = 
Z47. 

Clearly V is not a semigroup complex neutrosophic modulo 
integer linear subalgebra or V is not a semigroup complex 
neutrosophic modulo integer strong linear subalgebra. 



Example 3.83: Let 



V = 



a, e C «Z 17 u I» 



= {a + bip+ cl + ipdl I a, b, c, d e Z n }, i 2 = 16, I 2 = 1 and (i F I) 2 

= 161}, l<i< 12 }bea semigroup neutrosophic complex 
modulo integer linear algebra over Z [7 the semigroup. 

Clearly V is not a semigroup neutrosophic complex modulo 
integer strong linear algebra over the semigroup Z17. 

But consider 



M = 



a i 

0 

0 



a 2 a 3 
0 0 
0 0 



a, e C «Z 17 u I» 



a 4 a 5 a 6 



= {a + bip+ cl + ipdl I a, b, c, d e Z n }, i 2 = 16, I 2 = 1 and (i F I) 2 

= 161}, 1 <i<6} c V is only a semigroup complex 
neutrosophic modulo integer linear subalgebra of V over the 
semigroup S = Z17. 

We can define linear transformation of two semigroup 
neutrosophic complex linear algebra only they are defined over 
the same semigroup S. 

We give examples of them. 
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